THE ASYMPTOTIC GROWTH OF TORSION HOMOLOGY FOR 

ARITHMETIC GROUPS 



NICOLAS BERGERON AND AKSHAY VENKATESH 



Abstract. When does the amount of torsion in the homology of an arithmetic 
group grow exponentially with the covolume? We give many examples where 
this is so, and conjecture precise conditions. 
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1. Asymptotic torsion 

Let r be a lattice in a semisimple Lie group G. The asymptotic behavior of 
the Betti numbers dim7?j(r,C), when F varies, has been studied by a number of 
authors. In particular, if Fat ^ F is a decreasing sequence of subgroups, with trivial 
intersection, the quotient: 

dim Hj (Fat , C) 
[r : F^] 

is known [42 to converge to the jth L'^-Betti number of F; in particular, this is 
nonzero only when the ranl(0 of G equals the rank of a maximal compact subgroup 
K C G. For example, this is the case when G — SL2(M), and F is a Fuchsian 
groups. 

The purpose of this paper is to investigate the corresponding question when 
Betti numbers are replaced by the logarithm of the size of the torsion components 
of homology groups. The motivation comes from number theory; see §1.61 



We gratefully acknowldge funding agencies that have supported our work. A.V. was partially 
supported by the Sloan foundation, the Packard Foundation and by an NSF grant. 

^Here the rank is the complex rank, i.e. the maximal dimension of a Cartan algebra, split or 
otherwise. 
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1.1. Locally symmetric spaces associated to SL2(C) are hyperbolic 3-manifolds. 
Numerical experiments ([231, ^^'^ unpublished data computed by Calegari-Dunfield 
in connection with [XT') as well as the work of Calegari-Mazur [IS] suggest that 
arithmetic hyperbolic 3-manifolds should have a lot of torsion in their homology. 
Here are two such results: 

1. (Taylor, [58! Theorem 4.2]). Let ni and n2 be two nonnegative integers. 
Consider 5„,,„, = Sym"i(Z[i]2) (g,^ Sym"^(Z[i]2) as a SL2(Z[i])-module. If m ^ 
n2, there exists a finite index (congruence) subgroup F C SL2(Z[?]) such that the 
homology groups 

have a non-trivial torsion subgroup. 

2. (Follows from Silver and Williams [5B].) Let k C he a, hyperbolic knot 
whose Alexander polynomial has nontrivial Mahler measure (e.g. the figure eight 
knot). Denote by the A^-th cyclic cover of §^ branched over k. We decom- 
pose Hi{Mn;'Z,) as the direct sum of a free abelian group and a torsion subgroup 

tors ■ 

For sufficiently large A'', the 3-manifold Mn is hyperbolic; moreover, 

li^ l0g|gl(M^)to.s| ^ 



1.2. It is convenient to define, for a semisimple Lie group G, the "deficiency" 
5{G) to be the difference rank(G) — rank(if ). The quantity S is sometimes called 
the fundamental rank of G. It equals zero if and only if G has discrete series, or, 
equivalently, if and only if G has a compact Cartan subgroup. If S is the global 
symmetric space G/K, we sometimes write 6{S) for 6{G). 

Examples. S — for the groups SL2(M), SU„,„i, SO„,m {nm even); 5 = 1 for the 
groups SL2(C), SL3(M), SO„,„i nm odd (this is a complete list of almost simple 
groups with (5 = 1, up to isogeny); (5 = 2 for the groups SL5(R), i?g'''''. 

Now assume that G is Q-semisimple and F C G(iQ) is a congruence lattice. 
Put G = G(R). We fix an "arithmetic" F-module Af; by this we mean that M is 
a finite rank free Z-module, and there exists an algebraic representation of G on 
M (X) Q so that F preserves M. We assume G is anisotropic over Q (equivalently 
F is cocompact in G), and consider a decreasing sequence of congruence subgroups 
Fat C Fat-i C • • • C F with the property that nArFjv = {I}- 

1.3. Conjecture. The limit 

^. log|i?,(F^,M) 

tors I 

T [F : Fat] 

exists for each j and is zero unless S{S) ~ 1 and j =^ dim(5')-i ^ case, it is 

always positive and equal to a positive constant cg.m (explicitly described in ^B.!)^] 
times the volume ofT\S. 

This conjecture - which remains somewhat speculative at this stage - can be 
considered as predicting three different types of behavior: 

(1) li 5 ~ 0, then there is little torsion whereas Hj{TN,M (S) Q) is large; the 
torsion is almost entirely "absorbed" by the characteristic zero homology; 

(2) If (5 = 1, then there is "a lot" of torsion but Hj{rN, M (g) Q) is small. 
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(3) If (5 > 2, there is "relatively little"0 torsion or characteristic zero homology. 

As for the degree '^™(^)~^ ^ this is the "middle dimension" for torsion classes: 
there is a duality between dimensions j and dim(S') — 1— Compare the situation for 
the L^-Betti numbers of F: they vanish unless (5 = 0, and even then are nonvanishing 
only in degree '^'™^^"> (again the "middle dimension"). 

We find it very likely that the restriction to congruence Fjv is essential. That 
the intersection of the Fat is trivial is also likely essential. See ij8.3l for some coun- 
terexamples in this direction. 

In the present paper, we shall show a result in support of the "large torsion" 
direction. Notations as previous, say that M is strongly acyclic if the spectra of the 
(form) Laplacian on M (g) C- valued i-forms on Tn\S are uniformly bounded away 
from 0, for all N,i. Notice that this implies that iJj(Fjv, Af) is torsion. 

1.4. Theorem. Notations as previous, suppose thatd{S) = 1. Then strongly acyclic 
arithmetic T-modules M always exist; moreover, for any such, 

l^ A ^\ V ■ l0g|7Jj(FAr,M)tors| . c,n ^ „ 

(1.4.1) hmmf 2^ ' > CG,MV0l(F\5) > 0. 

AT ^ [I : I AfJ 

Here the sum is taken over integers j with the same parity as • 

Remark. This theorem is deduced from Theorem 14.51 which remains valid for 
any sequence of cocompact lattices so that the injectivity radius of Tn\S goes to 
infinity - i.e., Fjv need not be subgroups of a fixed lattice F. It is possible to 
formulate a more general version of Theorem 11.41 in that setting; however, this 
requires "compatible" specifications of modules for each F^v- 

Examples. The SL2(Z[i])-module 5„j.„2 {ni,n2 £ N) considered in the first example 
of i ^l.ll is strongly acyclic precisely when ni 7^ 712. (Our theorem does not apply to 
this case, since the lattice is not cocompact; a twisted variant where it applies is 
detailed in ^8.21 ) It is likely that using some of the ideas of [16] one could obtain 
corresponding results for certain sequences of subgroups of SL2(Z[i]), but we do 
not attempt to do so. 

In Theorem 1 1.41 we cannot in general isolate the degree which produces torsion 
except in certain low degree examples. 

//G = SL3(M) then liminf^v '^'fef > 0/ 

ifG = SL2(C) then limAr '^^[.^rj = cgm^o\{V\S). 

Indeed, these refinements result from the following two observations: 

- The proof of the Theorem establishes more than (11.4.11) ; it will in fact show 
that 

(1.4.2) nm^(--l)^>^i^^iK^i^ = co^M^omS). 

N ^—^ i : i AT 

3 

— On can bound the torsion in Hq{M) by a polynomial in the index [F : Fjv], 
see gSH 



We mean this in the weakest possible sense: there is not exponential growth of torsion. This 
is not to suggest there is no torsion, nor that the torsion that exists is uninteresting; quite the 
contrary! 
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- One can bound the torsion in i?diin(s)-i(-^^)j via Poincare duality and the 
long exact sequence in homology associated to 



If one assumes the truth of the congruence subgroup property (CSP) for a co- 
compact lattice r ^ SL3(R), we obtain in that case also limjv l-f^2(yw^|^)tor3| _ 
cg,m^o\{T\S); in fact, the CSP and the homology exact sequence for (|1.4.3p would 
imply that Hi (P, M) is small. 

1.5. The main tool used in the proof of Theorem 11.41 is not due to us; it is a 
remarkable result [48j of W. Miiller, a generalization of the "Cheeger-Miiller the- 
orem" [TTIHT]; this result states, loosely speaking, that the size of torsion groups 
can be computed by analytic methods. Beyond this result, the other techniques 
are also not original and have been used in other contexts (see [3^ for instance). 
These methods have a combinatorial counterpart, which we briefly discuss in f|7l 
this generalizes the work of Silver and Williams, mentioned above. 

We remark that by combinatorial methods it is in principle possible to verify 
the conclusion of Theorem II .41 for any specific P, M by direct computation, without 
appealing to Miiller's theorem (cf. i j7.81 Remark). However, such an analysis would 
be very complicated, and we have not attempted to carry it out in any case. 

Recently, W. Miiller has announced a result of similar nature to Theorem 11.41 
but in a different aspect. He studies the homological torsion for a fixed cocompact 
lattice in SL2(C) as the module M varies. The preprint is now online |46j . 

1.6. Our motivation for studying these questions is arithmetic. 

In fJB] we recall conjectures of A. Ash [2J [3] and others [S51 HSl [53] that torsion 
in the homology of arithmetic groups has arithmetic significance: very roughly, a 
mod p torsion class in the homology of an arithmetic group parameterizes a field 
extension if/Q whose Galois group is a simple group of Lie type over Fp. The 
quantity 5 specifies the isomorphism class oi K ^M.. 

We make an attempt in !j6.5.1l to verify whether Conjecture [T3] and Theorem ll.4l 
are compatible with Ash's conjectures: are there indeed more such field extensions 
ii'/Q when 5 — 11 Our analysis is based on heuristics proposed by Bhargava 
[6] and is therefore speculative; nonetheless, it seems to us worthy of inclusion. 
Precisely, we show that Ash's conjectures and Bhargava's heuristics imply that the 
"likelihood" of the existence of a mod p class in the homology of P ^ G should be of 
size ~ p~^'''^\ If 6{G) — 0, this amounts simply to the fact that there is abundant 
characteristic zero homology, which reduces to give abundant mod p homology. On 
the other hand, since 



this suggests an abundance of torsion precisely when 5{G) = 1. 

1.7. Organization of the paper. In the body of the paper, we deal with co- 
homology rather than homology, since it is easier to make the transition between 
cohomology and differential forms0 



Note that if X is a compact manifold and M a Z[7riX]-module free over Z, Poincare duality 
implies that H*{X;M) S HdiniX-*iX; M). 



(1.4.3) 



M ^ M ^ M/pM. 
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Section ^J2] is expository: a review of analytic and Reidemeister torsion. We 
discuss in detail the trivial example of cyclic covers of a circle (equipped with a 
nontrivial local system); although simple, many of the ideas we use can be already 
seen clearly here. 

S|3]and 21 P^'O'^^s (|1.4.2p . i.e. that the limit of Theorem [L4] exists when one uses 
an alternating j-sum. 

^is a generalization of the work of Olbrich ^SOj to the case of an arbitrary local 
system. In particular, we compute explicitly the constant cg.m of (|1.4.2p and verify 
that it is positive. (We do not see a simple way to check this; we compute each 
case.) 

In ^J6l we discuss the conjectures of Ash and their relationship to Theorem 11.41 

S|7]has a different flavour from the rest of the paper; it studies a tower of cover- 
ings of an arbitrary cell complex. We show, in particular, that a suitable torsion 
quotient grows at a consistent rate as one passes through cyclic covers of a fixed 
base manifold, generalizing slightly the result of '56'. 

^ details some instances to which Theorem 11.41 is applicable. In particular, 
strongly acyclic bundles always exist in the setting of Theorem 11.41 when 5—1. 

Finally, ^ outlines various questions and conjectures motivated by the rest of 
the paper. Several of these questions seem amenable to numerical study. 

1.8. Acknowledgements. The first author (N.B.) would like to thank Pierre 
Lochak who taught him goodness and Julien Marche who told him about Silver 
and Williams' theorem. 

The second author (A.V.) would like to express his deep gratitude to Frank 
Calegari for many conversations related to the subject material. Besides this, Cale- 
gari's ideas have played an important role in stimulating the present work: The idea 
that torsion should grow fast was suggested by the unpublished data of Calegari- 
Dunfield as well as work of Calegari-Emerton. In addition, the use of analytic 
torsion in such arithmetic questions was already used in the joint work with Cale- 
gari [16]. A.V. also expresses his gratitude to Universite Pierre et Marie Curie for 
their kind hospitality in the summer of 2008, to Laurent Clozel who suggested that 
it would be interesting to study torsion in the homology of arithmetic groups, and 
to Avner Ash for encouragement and helpful remarks. 

Finally, we would like to thank Jordan EUenberg, Matt Emerton and Werner 
Mueller for their comments on, and corrections to, a draft form of this paper. 

2. Reidemeister torsion, torsion homology, and regularized 

determinants. 

This section is expository: a recollection of works by Ray, Singer, Cheeger, and 
Miiller, as well as some remarks related to L^-torsion. We have attempted to present 
it in a way that motivates our main questions and theorems. The reader with some 
experience with torsion (analytic and Reidemeister) could likely skip this section. 

In other words, we shall discuss: 

(1) Analytically computing homological torsion for a Riemannian manifold; 

(2) Limiting behavior as the manifold grows (say, through a tower of covers). 

We do not present the material in generality, but only adapted to our case of 
interest. 
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2.1. Given a finite rank free Z- module A, so that A(g)]R is endowed with a positive 
definite inner product (•, •) (a metric for short), we define vol{A) to be the volume 
of Ai^R/A, i.e. vo\{A) — y^detMl, where M is the Gram matrix {ai,aj), for 
di ■ 1 < * < rank(A) a Z-basis for A. 

Given f : Ai ^ A2 a linear map between two finite rank free Z-modules, so 
that Aj (X) R are endowed with metrics, we set det'(/) to be the product of all 
nonzero singular values of /. (Recall that the nonzero singular values of / are - 
with multiplicity - the positive square roots of the nonzero eigenvalues of //*.) 
Then: 

(2.1.1) ""lil^n det^(/)=vol(image/). 

vol(ker/ ) 

Here we understand the metrics on ker(/)(g)R and image(/)(8)R as those induced 
from Ai and A2, respectively. 

2.2. Now given a complex 

(2.2.1) A* -.0-^ A" ^ A^ ^ > A" 

of free finite rank Z-modules, each endowed with metrics and with vo\{A^) — 1, the 
previous result says 

(2.2.2) vol(ker(dj))vol(image(dj)) =det'{dj). 

The quotient yoi("°|fagc is clearly the inverse of the size of the group {A* ) 
if this group is finite; in general, it is the product of {A*)toYs\~^ with the 
"regulator" R^{A*) := yo\{H^ {A*)free), where the subscript free denotes quotient 
by torsion, and where the volume is taken with respect to the induced metric 
- that is to say, the metric induced by identifying {A*){,-cc as a subgroup of 
image (dj-i)-'- n ker(dj)R. 
In summary. 



vol(ker dj 
vol(image dj-i) 



(2-2.3) . -wlx'-r^ 

ker d 



W - W{A*) = : W = W{A*) := vol(i/^(A*)fee). 

image dj^i 

To ease notation in what follows, we shall use the notation W ai as shorthand 

for Y\i 0'\ ■ In the same way we will use the notation ^* ai for the alternating 

sum X](-l)*ai. 

Taking the alternating product of (I2.2.3P 

(2.2.4) (J[*R^) X ([[*\Hljy' =l[*dct'{d,). 

Example. Consider the complex of free Z-modules, where the first nonvanishing 
term is in degree 0: 

^ Z^ ^ Z^ ^ 

where 

M^f'l -M ikez). 
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Then H° = = Z; then Rq = Vfc^ + 1, Ri = ,,l /, the singular values of M 
are and fc^ + 1. 

The alternating product J^* dei' [di) is, in many ways, unwieldy: the di may have 
large kernels even if the complex is acyclic. On the other hand, the identity: 

(2.2.5) ij[*{det'dSf ^W{det'/^i)'^~^^^^\ A:^dd*+d*d, 

i>0 

- here det ' is the product of all nonzero eigenvalues; this usage is compatible 
with our prior one - expresses it in terms of the determinants of the "Laplacians" 
Ai, whose kernels map isomorphically to cohomology (and in particular, are much 
smaller than ker((ii)). 

2.3. Let X be a compact Riemannian manifold and M a unimodular local system 
of free Z-modules on X. Let Mc = M (g)C. 

Fix a C°° triangulation of K. Let C{K;M) be the set of Af-valued cochains, 
so that an element of C'^{K; M) assigns to each q-cell a section of M on that cell. 
Then we have a cochain complex: 

C*{K- M) : C"{K; M) ^ C\K; M) ^ ... 

which computes the cohomology groups H*{K\M) = H* {X; M). The de Rham 
complex 

(2.3.1) 9.*{X]M) : n"{X;Mc) n\X;Mc) ^ ... 

computes also H*{X;Mc). It can be regarded as a "limit" of the prior complex 
when the triangulation becomes very fine. We fix arbitrarily a metric on Afc; then 
each term of the complex fl* is equipped with a natural inner product. 

The amazing discovery of Ray and Singer (as proved by Cheeger and Miiller 
[TTJ Slj for trivial coefficients, and later by Miiller [48^ for general unimodular M) 
is that the equality (|2.2.4[) . when applied to C*{K; M), "passes to the limit" in the 
following sense: 

(2.3.2) (n*i?') X (J[*\W{X;MU,^\-^) =11* det'd^^, 

where i?' is now defined as the volume of H'^{X; M)/ H^{X] Af )tors with respect to 
the metric induced by identifying cohomology with harmonic forms. To make sense 
of det 'd^^ , write <^(s) = ^ A^", the sum being extended over all nonzero singular 
values of df^; we then define log det 'df^ := -Ca(0) and det'df ^ = exp(-C;(0)). 

More generally, for any countable subset S of positive reals so that J^xes 
extends to a meromorphic function in 9fi(s) > 0, we refer to the outcome of this 
procedure as the "^-regularized product," denoted JIass 

This is usually formulated slightly differently. Let d* denote the adjoint of the 
differential di = df^. Define the Laplace operators on i-forms by = d*di + 
di^id*_i. Again, one can define the logarithmic determinant of A^ as the zeta- 
regularized product of nonzero eigenvalues. 

Then we have the following, easily verified, identity: 

(2.3.3) ^*logdetU = i^(-l)'=+ifclogdet'Afc. 

fc>0 
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Ray and Singer have defined the logarithm of the analytic torsion of {X, M) to be 
the negative of the right hand side of ()2.3.3p . 

In summary, the Cheeger-Miiller theorem states: 

log ^^^^"^2^ = i^(-l)'=+iMogdet'A. 

= — analytic torsion. 

which has the remarkable consequence that torsion in homology groups can be stud- 
ied by analytical methods. 

2.4. Consider a simple example: X = = K/Z, endowed with the quotient of 
the standard metric on R; let M be a free rank m Z-module, A e SL(A/), and Ai 
the local system on X with fiber M and monodromy A. 

Suppose first that A is semisimple and does not admit 1 as an eigenvalue. (The 
situation where A has 1 as an eigenvalue is interesting; we return to it in i j2.6l) . The 
cohomology is then concentrated in iJ^; moreover 

(2.4.1) \H\X,M)\ ^ \det{l ~ A)\. 

Let us now compute the de Rham complex. Let Vj be the space of Ale M(E)C- 
valued j-forms on S^, for j = 0, 1. Let 

S = {smooth functions f : R Mc : f{x + 1) = Af{x)} 

and 

T = {smooth functions f : R Mc : f{x + 1) = f{x)}. 

We may identify each Vj with S: this is obvious for j = 0; use the map f{x) i— ?> 
f{x)dx for j — 1. Next, fix a matrix B e GL(Mc) with exp(27riB) = A\ this 
is always possible, and then multiplication by exp(— 27rixi?) identifies S with the 
space T. 

Thus we have identifications of Vj with T for j — 0, 1. With respect to these 
identifications, the de Rham complex becomes 

T At with d = + 2TTiB. 

dx 

Fix an basis of eigenvectors vi, . . . , Vm for B on Mc, and endow Mc with the inner 
product in which the Vi form an orthonormal basis; endow T with the inner product 
{f:9) = Jx£R/i,^f i^) T di^)) ■ Then the singular values of d are |27ri(n + Xj)\,n € 
Z, 1 < j < m, where Xj are the eigenvalues of B. Formally speaking, then, the 
product of singular values of d may be expressed as On Oj |27rn + 2TrXj\. If we 

compute formally, using the identity Jln>i(-'^ ~ f^) ^ arrive at: 

Idet'dofll = |det(l-^)| I '[[{2nn) 

\n>l 

Now nn>i 2""^ = 1 (zeta-regularized product), as desired. In fact, Ca(s) — 
(27r)^'*C(s) with ( the Riemann zeta function. Because of C'(0) = —5 log(27r) and 
C(0) = -i we get 

n^(2^n) = L 

n>l 
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Remark. Based on the naive (but natural) idea of considering the asymptotics 
of IIa <T'^J' '■^^^ ^^^^ §i^^ ahernate definition of the regularized product: 
Let ft, be a smooth function on R of compact support so that h{0) = 1. Set 
P{T) := J2x h{Xi/T)\ogXi. Under reasonable conditions on the Xi (true in all 
the instances we will encounter, for instance) there exists a unique polynomial 
q e C[X,Y] so that 

(2.4.2) P(r)=g(T,logT) + o(l), T ^ cx), 

and we define Xi = exp(q(0, 0)). This will coincide with (^-regularization in the 
cases we encounter. 

This definition is not the traditional one, but, in most instances, is equivalent to 
it. It has the advantage of being very intuitive, but, on the other hand, it is difficult 
to work with. Since we will not use it for rigorous proofs, only for intuition, we 
shall not prove that it agrees with the zeta-regularized definition. 

In the case of the (27rn)„gN, the fact that ]^^27m = 1 "corresponds" in this 
picture to the fact that there is no constant term in the asymptotic of Stirling's 
formula: 

log Yl (27^^) • V27riV ^ N\ogN - N; 

n<N-l 

we included the endpoint n = N with weight 1/2, a simple form of smoothing. 



2.5. We continue with the example of W2,A\ and let X be the iV-fold covering. 

If we suppose that A has no eigenvalue that is a root of unity, then 

log|Hi(X,7r^X)| log|det(l-A^)| 

(2.5.1) — = — > logil/(charpoly(A)), 

where the Mahler measure M{q) of a monic polynomial q is the product of all the 
absolute values of all roots of q outside the unit circle; equivalently, log M{q) = 
log |q(2;)| 2^1^ (the integral taken with respect to the Haar probability mea- 
sure). We shall later return to the case where A has roots of unity; we shall find 
that a similar assertion remains valid. 
The proof of (|2.5.ip uses: 

Lemma. // A is any square matrix, 

lofj-detTl — A^] 

(2.5.2) lim ^ ^ '- = logM(charpoly(A)), 

where det' denotes the product of all nonzero eigenvalues. 

Proof. The first proof in print of (12.5.21) seems to be by Lind [35] in the context of 
a dynamical interpretation. The proof uses the fact (due to Gelfond [37]): if a is 
an algebraic number of absolute value 1, then 

log la^ - ll 

(2.5.3) ^^^^L^^^ ^^0, A^^oo. 

We refer to [25l Lemma 1.10] for a proof of (|2.5.3p which uses a deep theorem 
of Baker on Diophantine approximation. As noticed there, the statement (|2.5.3|) 
is much weaker than Baker's theorem; it is exactly equivalent to Gelfond's earlier 
estimate. □ 
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2.6. The case when A has a trivial eigenvalue. Now let us redo H2.5\ in the 
case where A has a trivial eigenvalue. We suppose, for simplicity, that precisely 
one eigenvalue of A is 1, and amongst the other eigenvalues {z2, . . . , Zn} none is a 
root of unity. We are interested in the size of H^{X,tt'^A4) = coker(l — A^)toYs, 
a,s N —i' oo. 

Write W = ker(l - A) and U = image(l - A); finally put C = ^^It/- Noting 
U/CU C Z^/(l - A^)Z^, we see at least that: 

|coker(l - A^)tors\ > | det C| = J] 

2 ' 

Consider now the short exact sequence W ^ Z" — >■ The map 1 — A^ 

acts trivially on and descends to an endomorphism A' ofZ^ /W. Applying the 
snake lemma yields an exact sequence: 

^ Z ^ cokcr(l - A^) cokcr(l - A'^) 0, 

which implies the upper bound 112 (-^i^ ~ !)• 

We deduce that (|2.5.ip remains valid even if A has 1 as an eigenvalue, i.e., even 
in the case when H^{S^ , A4) is not a torsion group. 

In general, the question of extending our results to the case when the homology 
is not purely torsion will be very difficult; the "interaction" between characteristic 
zero cohomology and torsion can be very complicated. Implicitly in the above 
argument, we used the possibility of "splitting" into ker(l — A) and image(l — A); 
more generally, we can carry out such a "splitting" in the presence of a group 
of automorphisms, but not in the general setting. We discuss some of the issues 
involved (including extending the discussion above to a more general setting - that 
of cyclic covers of an arbitrary base complex) in ^JT] 

2.7. Let us now try to prove (|2.5.1|) from the "de Rham" perspective, returning 
to the case where A has no eigenvalue that is a root of unity. 

If we carry out the same computations as before for the determinant of the de 
Rham complex of t^'^M - with respect to metrics pulled back from X - we arrive 
at: 

\H\X,n*^M)tors\ = n Il'l^ + 2^^^^l 

nGZ j 

Now as iV — )■ oo the sequence of numbers ^jp- + 27rAj fill out densely the line 
27rAj + R; the "density" is N/2tt. It is therefore reasonable to imagine that it 
converges to a regularized integral: 

(2.7.1) > J \og\2TTXj +x\dx, 

where the wedge on the latter integral means that it is to be understood, again, in a 
regularized fashion: analogously to (^-regularization, we may define the regularized 
integral via: 

(2.7.2) j\og\f{x)\dx:^~-^J^^^J \f{x)rdx. 
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We evaluate the right hand side of (|2.7.ip (and a slight generalization) in 
below; it is 27r^|ImAj|. Therefore, if we assume the validity of ()2.7.1|) . 

jf^ ^ 7r2^ |Ini(Aj)| = 27r Im(Aj), 

j Im(Aj)>0 

which is easily seen to again equal log M(charpoly(A)). 

The validity of (|2.7.ip is, however, not easy to justify in general, as perhaps 
might be expected from the nontriviality of (j2.5.3p . The issue here is that some Xj 
may have imaginary part (equivalently: A has an eigenvalue of absolute value 1). 
Suppose this is not so. Then (|2.7.ip can be deduced, for instance, from the "naive 
definition" (|2.4.2p of regularized products. The key point is that the convergence 
of the sequence ^jp- to the density -^dx is uniform, in that 

(2.7.3) #{n : 2^nlN e [A,B]} - / = o(7V), 

in a fashion that is uniform in A,B. 

In the rest of this paper, we shall encounter a similar, although more complicated, 
situation: we will compute the asymptotic growth of by studying the asymptotic 
behavior of the de Rham determinants. It would be possible to justify our main 
theorems in the fashion described above - in other words, deducing the limiting 
behavior of torsiuon from the limiting distribution of eigenvalues. However, for 
brevity of proof we follow a more traditional path with heat-kernels; this allows us 
to appeal to a family of known estimates at various points. 

2.8. Let a > be a positive real number and p be an even polynomial. We show: 
(2.8.1) / piix) \og{x^ + a^)dx = TT i p{x)dx, 



where the left-hand side is defined as in (12.7.21) , but replacing Lebesgue measure by 
p{ix)dx. 

Proof. By linearity it suffices to check p{x) = x^ with k even. In this caseQ, 

{x^ + a'r^x^dx = a2(i±i-.)5 
Here B is the Beta function 

Bix,y)^ft^-^il-t)y-^dt^^-S^^. 

Jo r(a; + y) 

DifFerentating the function 

^.(^-., r(Mi)r(.^Mi) ^ ^,,^_^,^ r(^)r(.^^: 



r(s) r(s + i) 

at s = and using that 

fc+l\^/ fc+2\ (_^)fe/2+lJ^ 



yields ■ □ 



^Take as a new variable t = /(x^ + a^). 
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Again, this reflects the constant term of a truncated integral, e.g. we observe, 
in the case p=l, that J^^ da;log(l + x^) = 4Tlog(T) -AT + 2tt + o(1). 

3. Heat kernels on forms on a symmetric space 

3.1. Let G be a semisimple algebraic group over M; let G be the connected com- 
ponent of G(R), with Lie algebra g. 

Let K d G he a maximal compact subgroup, with Lie algebra t. Since G is 
connected, so also is K. We denote by S the global Riemannian symmetric space 
G/K. 

Remark. (Notation for real and complex Lie algebras.) When we perform explicit 
evaluations in Sj5l we shall use the letters 0,f and so on to denote the complexified 
Lie algebra associated to G, K and so on. However, in the present section, we use 
them for the real Lie algebra; we hope this abuse does not cause confusion. 

3.2. To a if-representation (Q, a), we may associate a G-equivariant vector bundle 
on G/K, namely, {Q x G)/K, where the K -action, (resp. G-action) is given by 

((Ziff) ~^ gk) (resp. {q,g) A {q,xg)); thus, smooth sections of the G- 

equivariant vector bundle associated to Q are identified with maps C°°{G; Q) with 
the property that J{gk) = a{k~^)f{g). 

Conversely, given a G-equivariant vector bundle on G/K., the fiber at the identity 
coset defines a K representation. 

These two associations define an equivalence of categories between if-representations 
and G-equivariant vector bundles on S. 

3.3. We now discuss normalizations. 

The Killing form defines a quadratic form on g, negative definite on i and positive 
definite on its orthogonal complement p. We normalize the metric on S so that its 
restriction to p = T^kS matches the Killing form. 

Let dx be the Riemannian volume form of S and dk be the Haar measure on K 
of volume 1. These choices yield a preferred normalization for the Haar measure 
dg on G: f{g)dg = f{gk)dkd{gK). 

Fix orthonormal bases [Xi] for p and {Yj} for t (the latter taken with respect 
to the negative of the Killing form). We define the Casimir operators of G resp. K 
by VIq = ^ and Q,k — —^Y^'; we understand these to act on G and 
K as fe/t-invariant differential operators. Let 

L = -OG + 217A-eW(0). 

The operator i on G is the infinitesimal generator of a convolution semigroup 
of absolutely continuous measures on the group G. Indeed, the right action of L 
coincides with the Laplacian with respect to a suitable metric on G. 

There exists, for positive t, a function pt : G ^ K>o, so that e^*^/ = f *pt, i-C, 
the function g i— >■ J^^^^j f{gh)pt{h)dh. In fact, on any G-representation, the action 
of pt by convolution coincides with the action of e~*^. 

3.4. Put u = t ip; its normalizer inside Gc := G(C) is a maximal compact 
subgroup U of Gc. Let p be an irreducible representation oi U; it extends to a 
unique holomorphic representation of Gc on a complex vector space Ep, or indeed 
an algebraic representation of G. Since G is semisimple, the representation p is 
necessarily unimodular, i.e. takes values in SL(£'p). 
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There is, up to scaling, one [/-invariant Hermitian metric on Ep. We fix an inner 
product (— , —)e in this class. 

The representation p\K gives rise to a G-equivariant hermitian vector bundle on 
G/K , as in i)3.2l We denote this vector bundle also as Ep. Note that this bundle 
is G-equivariantly isomorphic to the trivial vector bundle Ep x G/K, where the 
G-action is via x : {e,gK) — > {p(x)e, xgK). 

3.5. The bundle of iJp- valued differential /c-forms on S can be identified with the 
vector bundle associated (via i i3.2p with the if-representation /\'' p* (g) E. 

Note that /\ p* is naturally endowed with a if-invariant scalar product: the 
tensor product oi {,)e with the scalar product on /\'^ p* defined by the Riemannian 
metric on S. The space of differentiable i?- valued fc- forms on S, denoted il'' {S, E), 
is therefore identified with 

^■.g""-^ /\Y(^E : ^(5fc)=/\ad;(fc-i)®p(fc-i))(^(5)), g e G, k e 

The space of square integrable fc-forms 17^2) ('S'j E) is the completion of the latter 
space with respect to the norm 

^ S 

3.6. The de Rham complex. Let V be any {g, K)-modu\e equipped with a K- 
invariant Hermitian form; we do not require this form to be G- invariant. We will be 
particularly interested in Vq = G'^{G)k®E, where C^{G)k denotes right if-finite 
smooth compactly supported functions. 

Set 

D''{V) = /\''p* (^V. 

We introduce the natural inner product on D''{V). Thus, for instance, D'^{Vo)^ is 
identified with the space 57*^(5', E) of i?- valued fc-forms. 

Generalizing the differential on i?- valued fc-forms, one may define for any V a 
natural differential d : D''{V) -> D''~^^{V); see [H II. Proposition 2.3]; in the case 
V = Vq, its restriction to D''{Vn)^ recovers the de Rham differential. Let d* be 
the formal adjoint of d. We refer to the restriction of dd* + d*d to D'^{V)^ as the 
Laplacian. 

In the case V = Vq, this "Laplacian" extends to a G-invariant self-adjoint non- 
negative densely defined elliptic operator A^'^-' on Q'^^AS,E), the form Laplacian. 



In general, the Laplacian is difficult to compute. However, the fact that the 
bundle Ep arose from the restriction of a G-representation makes the situation 
simpler: if the Casimir acts on V (resp. E) through the scalar Ay (resp. Ap) 
Kuga's lemma implies that for any / e D'^{V)^ , 

(3.6.1) {d*d + dd*)f^{Ap-Av)f. 

In other terms, the Laplacian acts by the same scalar on the entire complex D* {V)^ . 



It should be noted that there is another notion of Laplacian, which is the specialization to 
/\'' p* ® E of the Laplacian that exists on any Hermitian bundle with connection. 
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Of course, this does not literally apply to our case of primary interest, when 
V — Vq, for the Casimir does not act on Vq as a scalar. However, one may decompose 
Vq into irreducible subrepresentations and then apply (j3.6.ip . 

3.7. Denote by e"*-^^" £ End{n'^^^{S, E)) the bounded operator (cf. [4]) defined 
by the fundamental solution of the heat equation: 

r A(^)p,=^-fp„ t>o 

\ Po = S 

where 6 is the Dirac distribution. 

It is expressed by an integral kernel (the heat kernel) 6"*^*= , which we may 
regard as a section of a certain bundle (ok over S x S. Explicitly, this is the G x G- 
equivariant bundle associated to the K x /C-representation End(/\'^ p* (g) E, /\'' p* (g) 
E); more explicitly, the fiber of <ofe above {x,y) is the set of homomorphisms from 
i?-valued fc-forms at x to £'-valued fc-forms at y. Moreover: 

(e-*^^''/)(^) = l^^e-'^'^"\x,y)f{y)dy, V/ G n1^^{S,E). 

3.8. Lemma. Let M > 1. Then there exists a constant ci depending only on 
G, p, M such that 

||e-*^^"(a;,y)|| < c.t-''/' eM-"^), \t\ < M, 

bt 

where x,y £ S , r is the geodesic distance between x and y, d the dimension of S 
and II • II is the metric induced by that on E. 

The Lemma gives us only information about the "small time" dependence of the 
heat kernel. The "long time" dependence is more sensitive; for instance, it is quite 
different if there exists L^-harmonic forms (e.g., for G = SL2(M)). 

Proof. First we make an observation in a more abstract context: If (V,7r) is any 
G-representation with Casimir eigenvalue A^^ and (IV, a) any if -representation, the 
operator Q :— /^.^^ n{k)®a{k)dk realizes the projection of 1/0 onto if-invariants 
{V ® W)^; on the other hand, denoting by Et £ F,nd{W) the operator e*^^, we 
have for t > 

T = 7r(pt) (E)E2t= / (pt(.g)7r(.g)) (g) E2t dg 

JGxK 

acts on (V (g W)^ by e*^" . (Here pt is as in WS.'d\i . Thus Q - T ■ Q certainly acts on 
{V<S)W)^ by the scalar e*^^ . 

On the other hand, expanding the expressions above, we see that Q T Q — 7t{4>) 
where ip is the End(W^)-valued function on G given by: 

(3.8.1) i^t-g^ I Pt{k^^gk2^) [(j{ki) ■ E2t ■ a{k2)) dKdkidk2. 

JKxKxK 

Let us note that the norm of the right-hand side, with respect to the natural Hilbert 
norm on End(iy), is bounded above by a constant multiple (depending on M, a) of 
Ikxk Pt(^i 9^2 )dkidk2, since Pt is positive. The integral ^xxxP^^^i 9^2 )dkidk2 
defines a bi-if-invariant function on G that is identified with the (usual) heat ker- 
nel on the symmetric space 5; in particular, by the Cheng-Li- Yau bounds [H] , it is 
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bounded by for \t\ < M by ci{AI)t^''-^^ exp{—^), with r the distance between gK 
and the identity coset. 

We now apply this construction with V equal to the underlying (q, K)-inodu\e 
of the right regular representation L'^{G); and W = /\ p* (E> E. In this case V is 
no longer irreducible; however, breaking it into irreducibles and applying p. 6. II) . 
we see that the operator (|3.8.ip acts on {V W)^ = Dk{V)^ in the same way as 
e~*^fc e*^f , where Ap = p{^l) is the Casimir eigenvalue of the G-representation E. 

In other words, if we identify elements in fJ*^ with functions on G as specified in 
§3.51 we have: 

G 

Passing to the associated section of £k gives the desired assertion. □ 

4. A "limit MULTIPLICITY FORMULA" FOR TORSION. 

We continue with the notations of the previous section; let F be a cocompact 
torsion-free subgroup of G and let X = r\S. Set V to be the vector bundle on X 
induced by p (i.e., the quotient of the total space Ep x S by the F-action). Let 
be the Laplacian on iJp-valued fc-forms on X . 

Note that H*{X;V) is isomorphic to H*{T;V). We say, accordingly, that p is 
acyclic for F when H'^{X;V) — for each k; equivalently, the smallest eigenvalue 
of each Afc is positive. We say that p is strongly acyclic if there exists some uniform 
positive constant ?; = 77(G) > such that every eigenvalue of every for any 
choice o/F is > yy. The remarkable fact is that there exists a large and interesting 
supply of strongly acyclic representations; see To check this, the following will 
be necessary: 

4.1. Lemma. Suppose that the isomorphism class of dp : q ~^ Ql{Ep) is not pre- 
served under the Cartan involution. Then p is strongly acylic. 

Proof. Set F = £"*; it is a finite dimensional representation of g. It is known [51 
§VI, Thm. 5.3] that, if the isomorphism class of F is not fixed by the Cartan 
involution, then p is acyclic (for any F as above). In fact, one of the arguments 
explained there shows strong acyclicity, as we explain. 

Suppose that tt is an irreducible unitary representation for which 

(4.1.1) HomK(A*p(g)i^,7r) 7^ 0. 

We show that there exists a positive constant e depending only on F such that 

Af - A^ > e. 

We proceed as in the proof of [8, §11, Prop. 6.12]. 

Fix compatible (in the sense of (5] §11, 6.6]) positive root systems A+ and 
A^ for g (g) C and t (8) C and denote by p and pk the corresponding half-sums 
of positive roots. Let W be the Weyl group of gc and set = {w e W : 
wA~^ is compatible with A^}. Write v for the highest weight of F; note that 
A^-k + Pp-lpp. 

The orthogonal Lie algebra so(p) has a natural representation S — spin(p). 
Since the adjoint action of { on p preserves the Killing form defining so(p), there 
is a natural map t so(p); so S may be regarded as a representation of t. The 
exterior algebra A*p is isomorphic to one or two copies (according to the parity of 
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the dimension of p) of S* (g) S. Since S is isomorphic to S* as a {-module, it fohows 
from ()4.1.ip that there exists a representation of £ occuring in both F(E)S and tt^S. 
Now [51 §11, Lem. 6.9] impUes that every highest weight of F ® S* is of the form 
^(/Lt + On) + wp — pk where p, is a weight of F and w e . Using the expression 
relating the square of the Dirac operator D to the Casimir operator (see [H §11, 
Lem. 6.11]), and the positivity of D, we conclude that there exists a weight p of F 
and an element w of such that 

\^{p + ep) + wp\^>A^ + \p\''. 

This inequality is a refined version of Parthasarathy's Dirac operator inequality |51l 
(2.26)]. It implies that: 

(4.1.2) Af-A.>W + - + Op) + wp\^. 

Now since \^{p + 9p)+wp\'^ < \p + wp\^, the left-hand side of (|4.1.2p is nonnegative: 
In fact p + wp is a weight of the finite-dimensional representation of q given by 
F Fp, where Fp has highest weight p; thus 

\p + wp\ < W + pI, 

with equality if and only if there exists u W with p + wp = uiv + p). But since 
wp is ^-invariant we conclude that the left-hand side of (|4.1.2p vanishes if and only 
if 



1 

-{u{u + p) + eu{u + p)) . 



This forces u{v + p) to be ^-fixed, i.e., the isomorphism class of F to be 6'-fixed. □ 
From now on we assume that p is strongly acyclic. 

We denote by Txip) the analytic torsion of {X, Ep), defined as (cf. 32): 



logTxip) = lj2^-l)'+'k logdet'A, 



fe>0 

we recall the definition of det'Aj. in ii4.2l below. It follows from (|2.3.4p and (|2.3.3p 
that, if p is strongly acyclic and we are given a local system M of free Z-modules 
with an isomorphism M (E) C ^ Ep, we have: 

(4.1.3) logTxip) = - Y.* log\WiX;M)\. 

4.2. Although already discussed ~ somewhat informally - in ^J^l let us recall the 
definition of det 'A^. 

The Laplacian A^ is a symmetric, positive definite, elliptic operator with pure 
point spectrum 

< Ai < A2 < • • • ^ +00 
and, writing e"*'^'= (a;, y) {x,y G X) for the integral kernel representing the heat 
kernel on fc- forms on X , 

„ +00 
Tyc'^^" = / tr(e~*'^''(x,x))dx = Ve"*^^- 

is convergent for each positive t. We may thus define 

logdet'Afc = ~^Cfc(s;/3)|s=o 
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where the function (^k is the unique meromorphic function ^54j satisfying 



for Re(s) sufficiently large. 



i=i 



(2) 

4.3. Afc and . Our goal is to relate the analytic torsion on X to computations 
on the universal covering S; in particular, as the injectivity radius of X tends to 
infinity, to approximate the former by the latter. 

Indeed, if we write 6"*^*= {x, y) {x, y £ X) for the integral kernel representing 
the heat kernel on /c-forms on X, then for each positive t and for each integer i we 
have: 

(4.3.1) e-*^^^,^) = ^(7y)*e-*^^''(i,7y), 

where x,y are lifts of x,y to S; by (7j,)*, we mean puUback by the map {x,y) i— 
{x,"fy). The sum converges absolutely and uniformly for x,y in compacta: by 
cocompactness of F and bounds on volume growth, there exists constants Ci = 
Ci(r, G), i = 2,3, such that for any x,y S 

(4.3.2) Nix, y: R) |{7 G T : d{i, jy) < R}\ < C2e=^^, 



which taken in combination with Lemma 13.81 gives the absolute convergence. In 
particular, when the injectivity radius is big, a single term in (j4.3.ip will dominate. 

4.4. L^-torsion. The trace of the (iS'-)heat kernel 6^*^*= ' {x, x) on the diagonal is 
independent of x, because it is invariant under G. We will prove in ^J5] that the 
integral 

-1 /' + 00 

-— / t'-hv e-'^^ \x,x)dt 

r(s) 7o 

is absolutely convergent for Re(s) sufficiently large and extends to a meromorphic 
function of s G C which is holomorphic at s = 0. 
Define t'~g\p) via 

(The product of t'^g^ (p) with the volume of X is the L^-analytic torsion oi X.) It is 

possible to compute tg (p) in a completely explicit fashion - it is an explicit quantity 
depending on p - and we carry this out in SJS) Thus the following Theorem shows 
that we can approximate the torsion of any "large" quotient X by an explicitly 
computable quantity. 

4.5. Theorem. Let p : G ^ Gh{E) he a strongly acyclic representation. Then, 

\0g{Tx{p)) (2), . 

vol(X) ^ 

when r varies through any sequence of subgroups for which the injectivity radius of 
X — T\S goes to oo. 
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We conjecture that this remams vahd without the strongly acyclic assumption. 
We are unable to make significant progress without ruhng out eigenvalues on k- 
forms very close to zero. At a combinatorial level this seems to be equivalent to 
exceptionally difficult problems of diophantine approximation. 

The scheme of proof will be, when unwound, very close to the latter part of the 
discussion in §2.51 In the language of ^2.51 we already observed in that context that 
difficulties arose when Im(Aj) = 0, which manifested themselves also arithmetically 
through (|2.5.3p . This is the issue of "small eigenvalues" . 

Proof. Let £ be the length of the shortest closed geodesic on X. Assume for sim- 
plicity that £ > 1. Let 

Ak{t) = (tr e-*^i"(£,5) -tr e-*^*- (a:, a:)) dx, 



where x denotes any lift of a; to 5 (in fact, tr e^^'^k is constant, and so we could 
replace i by a fixed basepoint in what follows). 

The following lemma is a slight modification of [IHl Lemma 4] : 

Lemma. Let M he a real number > 1. There exists a constant c — c[M, p, G) such 
that for any t G (0,M], 



(4.5.1) \Ak{t)\ < 

Proof. We may rewrite (|4.3.1|) as 

e-*^^- (x, x) - e-*^^" (i, i) = (7y)*e"*^^'' (i, 7^)- 

It follows from lemma [3^ and ()4.3.2|) that, up to constants, the last sum is bounded 

by 

d 

dr 

And the last integral above is, up to a constant, bounded by 

/ e-'-^/sVe^^'-dr < const • i-('i+i)/2e-(^-3c3t)V5t / re-^^r/B^^ 



+00 Z'+oo 

t-d/^e"''/^'d{N{x, x; r) - N{x, x; £)) < ca 



'dr. 



< const • i-('i+i)/2e-(^-3c3t)V5t_ 
Integrating (|4.5.2p over X thus gives the lemma. □ 
It follows from (|4.5.ip that 

/'+00 

t''-^Ak{t)dt 



is holomorphic in s in a half-plane containing 0, so that: 



d_ 

ds 

It thus follows from the definitions that 



— / t'-^Ak{t)dt= / Ak{t)-. 
o^{s) Jo Jo t 

i definitions that 
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It is to handle the "large t" contribution to Ak {t) y tl^^t "strong acyclicity" 
of p enters. Let be so that every eigenvalue of is > rj. Now, for any t > 1, 
spectral expansion on the compact manifold V\S shows that: 

tr e-^^'-ix.x) < e-''^*-!) tr e-^''{x,x). 

We apply ()4.3.ip and Lemma 13.81 with M replaced by 1 , say, to estimate the latter 
quantity, arriving at 

(4.5.3) tr e-*^'=(^^^) < c'e-"^'-^\ 

where the constant c' only depends on p and G. Thus, both 



t-'e'^"^" {x,S:)dt, / t-'e''"^" {x,x)dt, 
1 Ji 

are absolutely convergent - the former conclusion follows, for instance, from Lemma 
13.81 Thus, given i> > arbitrary, there exists a constant M > 1 depending only on 
G, p and v such that 

f+OO 



t~^Ak{t)dt 

M 



< V. 



(4.5.4) 

But it follows from (|4.5.ip that 





t~^Ak{t)dt 



as the injcctivity radius £ tends to cxd. In particular, this shows that the right hand 
side of (j4.5.2[) approaches zero as the injectivity radius £ approaches oo. □ 

5. Explicit evaluation of the L^-torsion for unimodular local 

SYSTEMS 

In this section, we shall compute explicitly the asymptotic constants of Theorem 
14.51 The contents of this section are extensions of computations from [50j and also 
relate to computations performed in [TB] . 

5.1. Notation. We continue with notation as in ^with the following change: in 
what follows, if iJ is a real Lie group, we will write f) for the complexification of its 
real Lie algebra, and f)R for the Lie algebra of H. 

5.1.1. Groups and subgroups. We have already defined K C G and U a compact 
form of G. Note that we may identify the complexified Lie algebra u of J7 and 
the complexified Lie algebra of g. Let S — G/K be the Riemannian symmetric 
space associated to G and S'^ = U /K be its compact dual. Let Q be the Cartan 
involution of G fixing K. 

Fix a maximal torus Tf d K with complexified Lie algebra b. Extend it to a 
0-stable maximal torus = b © ag C u, where Oq C p is the complexification of an 
abehan subspace aoR C pR. Therefore, b©ao is a "fundamental Cartan subalgebra," 
i.e. one with maximal compact part. We extend aoR to an "Iwasawa" space or c Pr 
— that is to say, a maximal abelian semisimple subspace. 

Let Tjj C U,Wu C Aut(t[/) be the maximal tori and Weyl groups that corre- 
spond to tjy C 0. 
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Let Af = cxp(aoB)- Then Af is the spht part of a fundamental parabohc sub- 
group Pf = MfAfNf, here MfAf is the centrahzer in G of ao, and the 0-stable 
subgroup Alf is a certain canonical complement to Af (see '36, Chapter V, §5]). 

Let Kf = K D Mf \ it is a maximal compact subgroup of Mf \ we denote by 
and K'j the connected components of Af/ and Kf respectively. Denote by t/ and 
m/ the complexified Lie algebras Kf and M/. Note that T/ C M/ and Tf C K^f. 

We let Wf be the Weyl group for b C and Wmj be the Weyl group of b C m/. 
Note that, in general, the natural injection Wf ^ Wmj may not be surjective. 

We say, as usual, that a parabolic subgroup is standard if it contains A — 
exp(ooR). Finally let Q be another standard parabolic subgroup with Levi decom- 
positioiS Q = MqAqNq. 

5.1.2. Bilinear forms. We equip iu with the bilinear form which is the negative 
of the Killing form for J7; we equip ao and o with the bilinear form defined by 
the Killing form for G. These forms are all nondegenerate, and thereby equip the 
dual spaces t^, Oq, a* with bilinear forms; if we write, for instance, (a, /3) for some 
ex, P G o*, it always means that this is taken with respect to the bilinear form just 
normalized. 

5.1.3. Systems of positive roots. We choose a system A+(b,Tn/) of positive roots 
for the action of b on m/; it restricts to a system of positive roots for b on J/. We 
extend it to a system A"*" = A"'"(t(7,u) of positive roots for the action of on u: 
a root a of on u is positive if and only if either the corresponding root space 
belongs to n/, the complexified Lie algebra of Nf; or, otherwise, a is trivial on Oq 
and a G A+(b,m/). 

Let pu S be the half-sum of positive roots in A'^. Define similarly pMf , PKj ■ 

5.1.4. Representations. Let p\ be an irreducible representation of U with (domi- 
nant) highest weight A € t^; it extends to a unique holomorphic representation of 
Gc, which we also denote px. 

Given 9 a unitary representation of Mq and v € Rq = Hom(aQ,C) we may 
construct a (generahzed) principal series representation tt{6, v) of the group G; 
its restriction to K is isomorphic to Ind^^pj^j^-)^. We normalize so that tt{6,v) 
is tempered unitary if 9 is tempered and j^|oq^r is valued in zR. Note that this 
principal series is not necessarily irreducible; however, for 6 irreducible and generic 
V, it is indeed irreducible: [SHI Theorem 7.2]. 

For each w € Wu , let p^ be the restriction of w{pu + A) to b. For any e a*, 
we regard p^ + v as defining an element of (o © b)* = t^, in the obvious way. Put 

P^(i^) = sign(w) M — — , 

where (— , — ) is induced by the Killing form, as described above. Then depends 
only on the coset of w in Wmj^Wv- Indeed, for w' G Wmj, W.akt^Ww + J^, a) = 
ria^A*'" + w'~^a) and the set w'~^a coincides with the set of a after a number of 
sign changes, of total parity sign(u''). 

5.2. Proposition. If 6{S) ^ \, then t^g^p) = 0. If S{S) = 1; For each w G Wu , 
put .1^ = {v Hom(ao,R,M) : \v\ < y^\pu + A|2 - \p^u\'^}; equip Honi(oo,R,M) with 



Note that neither Mq nor Mf need be connected. 
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the additive-invariant measure in which the interval ji'l < 1 has measure 2. Then 
there exists c{S) > 0, depending only on S , so that: 



Moreover, when S{S) = I, 



(-i)^4^)(,)>o. 

Note that tg (p) depends on the choice of a normaUzation for the (symmetric) 
Riemannian metric on S. If we had scaled the metric on 5 by a constant C, then 
t^P (p) would be scaled by C~ '^'^(■3) ^ g^g jg i^j^g volume form on S. 

The proof takes up the rest of this section; we work out some explicit examples 
in ^5.9\ and prove that tg (p) is nonzero if S{S) — 1 in i j5.8l Let us explain the 
outline. We are not going to give details of issues related to convergence. It follows 
from gXU and (14.4. ip that 

(5.2.1) tf{p) = -- dt d(7r)t^-ie-*(^^-^')rfAipi_h(7r) 

2ds s=oT{s) Jo J^^G 

where d{Tr) G Z is defined as 

(5.2.2) d(7r) :=^(-l)'^fcdim7r® A'=p*(g)pA|if, 

k 

^Aipianch is the Plancherel measure on the unitary dual G, and Ap, denote the 
Casimir eigenvalues of p and tt. It is often convenient to think of d(Tr) as the 
dimension of the virtual vector space ^* fc[7r (g) A'^p* (8) PA|if]^ (alternating sum), 
The proof of Proposition 15.21 follows from the following results: 

(1) d{TT{0,v)) — unless Q is associate to Pf. We prove this in §5.31 This 
proves, by standard facts about Plancherel measure, that the integration 
in (|5.2.ip may be restricted to the case when Q = Pf, dim A/ = 1 and is 
a discrete-series representation of M = Mf. 

(2) In §5.41 - §5.61 we evaluate d{Tr{9,i')) explicitly when Q = Pf is a funda- 
mental parabolic subgroup and 9 a discrete series; namely, §5.41 sets up 
general notations, §5.51 recalls character formulae, and ^ 35. 61 carries out the 
computation of d(7r). 

(3) The explicit Plancherel density when Q — Pf and 9 discrete is presented 
in ()5.4.2p : this, together with § (|2.8|) . completes the computation of the 
right-hand side of ()5.2.1|) . 

5.3. Let G be a group and V is a G-vector space. We denote by det[l — V] 
the virtual G-representation (that is to say, clement of Kq of the category of G- 
representations) defined by the alternating sum of exterior powers. 

This is multiplicative in an evident sense: 

(5.3.1) det[l -V®W]^ det[l -V](gi det[l - W]. 
We put det '[1 - y] = Ei V. Then 

(5.3.2) det'[l -~V(SW]^ det'[l - det[l -W](B det[l - det'[l - W]. 
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Let US note that if is a group acting on V such that every g (z H has a fixed 
space of dimension > 2, then det'[l — V] is trivial as a virtual //-representation; 
this follows since, by (15.3. 2p . the trace of every g G H on det '[1 — is then trivial. 

Note that det'[l — p*] — det'[l — p] as virtual iC-representations so that, by 
Frobenius reciprocity and (|5.2.2p . 

(5.3.3) d{Tr{e,,y)) ^ dim[6l ® det '[1 - p] ® pa]^^''^^'^^ 

Let us suppose (|5.3.3|) is nonzero. Each g e KCiMq fixes, in its conjugation action, 
ag; on the other hand, it also belongs to some conjugate of a maximal torus in K 
and, as such, fixes some if-conjugate of o. There must exist some g G K n Mq 
for which these two spaces coincide and are one-dimensional; otherwise det '[1 — p*] 
is virtually trivial. Therefore, a and ag are i^-conjugate and one-dimensional. It 
follows that Q is fundamental (i.e., it is associate to P/) and duaAf — 1. 
In particular, tg'{p) = unless 5{S) ~ 1. 

5.4. The case of the fundamental series. In the remainder of the section, Q — 
Pf- 

It is a theorem of Harish-Chandra [311 Corollary 14.60] that, in these circum- 
stances, 7r(0, u) is irreducible for all v, although we do not need this fact. Since 
compact Cartan subgroups of M f are connected, we may moreover realize 9 as an 
induction from the connected component of a discrete-series representation 9q 
of M° (see [501 §6.9 and §8.7.1]). Again by Frobenius reciprocity we obtain 

(5.4.1) d{n{e,iy)) = dim[6lo det'[l - p] (g) pa]"^"- 

We denote by /i e b* the the infinitesimal character, of the representation 6'q - 
the dual representation to 9. (We index 9 by the infinitesmal character of its dual 
to make the computation shorter at a later stage.) Therefore, 9q contains with 
multiplicity one the K'j- type with highest weight /i -|- pMf ~ '^PKf ("Blattner's 
formula", [36l Theorem 9.20]). There exists a positive constant c'g depending only 
on our choice of a Haar measure on G such that the Plancherel measure along the 
space oi n{9, u) is equal to: 

(5.4.2) c',(-l)^<^'-^ n %±^.d. 

(see |36[ Theorem 13.11]). This is a nonnegative even polynomial on iao.R. 



5.5. Weyl denominators. We continue with the notation of §5.41 Let TJ" 

denote, respectively, the universal covers of Tf^Tij. 

Our choice of positive systems defines Weyl denominators : TJ' — > C, Djj : 
— > C; these are, by definition, the determinant of 1 — AA{t^^) acting on the 
sum Ttij resp. u"*" of all positive root spaces on m/ resp. u, multiplied by pMf or 
pu. In a similar way we obtain a Weyl denominator Dkj of T^, where we sum 
over all positive roots of 1/ only. Note that formally Weyl denominators are given 
by products W^y^i.e'^''^ - e^^/^) over the corresponding positive roots. 

Now xi/iu = u+ and ()5.3.1|) implies that the character of det[l u/tjy] is 
equal to na>o(l " e") • na>o(l ~ e""). It follows that: 

(5.5.1) Dl = (-l)d™"^ character of det[l - u/tc/], 

with a similar identity for D\j^ and . 
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We claim that, as characters of 



(5.5.2) \DKf\ ■ (character of det'[l - p]) -DuDmj 

(In particular, the right hand side descends to Ty). 

Equivalently, since the T^-character of det ' [1 — p] is the negative of the character 
of det[l — p/tto] and (resp. ^Mj) real- valued and has the same sign as 

(resp. (-l)d™'"/ ), we need to establish 



hdim t+ J-'U ^Mf 

Dm, ' D\ 



(5.5.3) det[l -p/oo] = (-1) 

■'Ml U-Kf 

The signs of both sides of this putative equality are the same. In fact, we claim 
that (-1)^™"'/+^™'/ L>2^^/L>|.^, Du/Dmj, and the character of det[l - p/ao] aU 
take positive values on T^: 

- Df j^ is real-valued and has the same sign as (—1)'^™"'/ ; similarly for Dj^^. 

It follows that the quantity (-1)'^™"'/ +'^™''/ Z^lf^/I?^^. is positive. 

- The representation of the compact torus Tf on u^/m^ has no fixed vec- 
tors (the centralizer of b is b ® ao) and is the complexification of the real 
representation on n/R. 

This means that the eigenvalues of Tf on u+/my come in complex- 
conjugate pairs; it also shows that pu/PMf > 0, being a real valued char- 
acter on the connected group . 

Therefore Du/Dm^ > 0. 

- The character of det[l — p/ao] is positive because, again, the eigenvalues of 
Tf on p/ao come in complex conjugate pairs, this being the complexification 
of pE/ao npR. 

Note this also implies that 

(5.5.4) dimrrij = dimu^ modulo 2. 

Since the signs match, it suffices to check ()5.5.3p after squaring both sides. In 
view of (|5.5.1|) and (|5.5.4p . we are reduced to checking the equality of T^-characters: 
det[l — p/ao]^ — det[l - u/t[/]det[l — m//b]/det[l — t//b]^ which in turn would 
follow from 

(5.5.5) 2[p/ao] = [u/iu] + [m//b] - 2[tf/b], 

this identity being understood in the Grothendieck group of T/-representations. 

Now [u] = [t] + [p] as T/-representations. Similarly [m/] = [trim/] + [pflm/]. So 
we can write the right hand side of (|5.5.5|) as: 

[u/tu] + [mf/b]~2[tf/b] = [u] + [mf]-2[tf] + [b]-[tu] 

- [«] + [P] + [«/] + [P n mf] ~ 2\lf\ + [b] - 

- [«/«/] + ([p] + [f']-M) + [pnm/] 

= [«/«/] + [p/ao] + [pnm/]. 

Write pM = P n (tu/ ® ao). If we show that p/pAf and Ijlf are isomorphic as 
Tj-representations, we will be done. 

Choose nonzero Xq G ao and consider the map 

0:yeV«/'->[i',^o]ep- 
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This map is injective, because if exhausts the centrahzer of Xq in {; moreover, for 
any Z £ pA j, 

{[Y,Xo],Z)=-{Y,[Xo,Z])=0, 
so that the image of (j) in fact lands inpj^j. The map (p thus induces a T/-equi variant 
injective map from i/tf to p/pM- The difference between the dimensions of these 
spaces is the difference between the spht ranks of G and MA; we veriiy by di- 
rect inspectior0 that this is zero in all cases. These spaces are thus equivariantly 
isomorphic, as desired. 

5.6. Computation for the fundamental series. We shall now compute (|5.3.3p 
in the case under consideration, when Q = Pf is fundamental and the contragredi- 
ent representation 9q as indexed previously by a dominant character fi € b* . 

Let [W/\iy;7] be the set of w e Wu such that is dominant as a weight on b 
(with respect to the roots of b on Jy), i.e.: 

[Wf\Wu] ^{weWu: > for all /3 G A+(b,«/)}. 

This is therefore a set of coset representatives for Wf in Wu- for every such /3, 

(5.6.1) ((pc/ + A),/3) > >0. 

This shows that any fj.^ lies strictly in the interior of a Weyl chamber for the roots 
of b on 5/. 

Let us agree to denote by ^* any summation over a Weyl group that is weighted 
by the sign character. 

If we equip Tf with Haar measure of total mass 1, the Weyl integration formula 
formally gives: 

d{Ti{9,v)) = / character of (6>o det '[1 - p] px) .^^f . dt. 

A priori this is only formal; its validity is a nontrivial fact, and only follows from 
the truth of Blattner's conjecture |33j . 

We carry out the computation using character formulae for discrete series. 

The character of p\ is given on the maximal torus Tjj by 

Du 

Separately, the numerator and denominator only make sense on T^, but the ratio 
makes sense on T[/. On the other hand, the character of 9^ is a distribution whose 
restriction to Tf is given by [36l Theorem 12.7]: 

^ 2)^dim(j\/f/A:f) ^^'ety/ 
Here again the ratio makes sense on Tf. It thus follows from (|5.5.2p that: 

- '-^'Zr' k {^^) (^-^%?^)det'[l-p]|...,p.. 



dt. 



^For SL3(R) both ranks are 2, for SO{p,q) both ranks are vain{p,q). 
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The equation ()5.6.ip implies that wfi — ^w' {w e Wf,w' € [W^/\W^(7]) only if w is 
trivial; we conclude that 

(_1)^ dim(M^/X^) + lggj^^y^-) jf ^ fQj. gQjj^g ^ g [Wf\Wu] 

if not. 



5.7. End of the proof of Proposition [5T2l The infinitesimal character of p\ is 
pu + A. It thus follows ^36* Proposition 8.22 and Lemma 12.28] that 

Ap - K{e^^) = - ImP + \Pu + Ap. 

Remark. Note that from the definitions \pu + — IMmiP is always nonnegative. 
It moreover follows from Parthasarathy's Dirac inequality [52l \8\ [59] that p\ is 
strongly acyclic if and only if jpc/ + Ap — is positive for all w. 

Recall that we assume S{G) = 1. From this, ()5.4.2p . (|5.2.ip . and the result of 
§5.6l we get: 

(2). ^ (_l)idim Nf + :^din,(Mf/Kf) + l ^ 

*S \P) — 2 % 

J-oo llQeA+(i!y,u) {pu,a) "■'^ 



It moreover follows from §2.81 that if p is an even polynomial and c > 0, 



d 
ds 



OO /'+00 

/ t'-^e-^'^y^ p{iy)dy = -27r / p{y)dy. 



To conclude note that dim A^/ + (iva\{Mf /Kf) = dimS* — 1. Thus we obtain the 
statement of Proposition 15. 2[ where the constant c{S) is given by f |Wjf^[ ^s^ ^^'^ 
c'g is the constant appearing in the Plancherel measure (15.4.21) . □ 

5.8. Non-vanishing in the general case. Assume 5{S) — 1; we shall show that 
t'g\p) is always nonzero and of the sign (— 1) 2 . We follow an idea of Olbrich 
to minimize computation. 

Proof. If S{S) — 1, the (real) Lie algebra of G splits as go®0i, where (5(flo) = and 
01 is isomorphic to either 3(3 or sOp^q. Using Proposition 15 . 21 we reduce to checking 
in the case where go is trivial, i.e. the (real) Lie algebra of G equals either 5(3 or 

50p q . 

Moreover, the expression lu Proposition 15.21 depends only on the triple 
(tto C tj/ C u). The isomorphism class of this triple, in the case of sOp^q, depends 
only on p + q (more generally, it depends only on the inner form of the Lie algebra) . 

We are reduced to checking the cases when the real Lie algebra of G is isomorphic 
to either s[3 or S0p_i. These cases are handled in ^5.9.2l and §5.9.11 respectivelv. □ 

Proof of Theorem \1.4\ The existence of strongly acyclic bundles is proven in H8.ll 
It follows from (14.1.31) . Theorem 14.51 and duality that 

J2 * log \Hj{rN, M)\ yo\{T\S)tf\p) 

as N tends to infinity. The constant cg,m — ^5 (p) has the same sign as (— 1) ^ 
as we have just proven, and only depends on G, AI. □ 

5.9. Examples. 
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5.9.1. G = S02„+i.i. In this case U ^ S02„+2(R), K 9i 02„+i(M), M/ = Kf = 
S02„(K) and 5 = H2"+i. 

In the notation of [5], we may choose a Kilhng-orthogonal basis Si for such 
that: 

(1) The positive roots are those roots ± £; with l<k<l<n+l; 

(2) a is the common kernel oi 62, ■ ■ ■ ,Sn', 

(3) b is the kernel of £1 , and the positive roots for b on Mj n K are ejztsk (1 < 
J < k). 

(4) The positive roots nonvanishing on a are ei ± e; (1 < / < n + 1), and thus 
ao = El gives the unique positive restricted root Oo,r — >■ K. 

The representations of U are parametrized by a highest weight A = (Ai, . . . , A„+i) = 
XiEi + . . . + A„+ie„+i such that A is dominant (i.e. Ai > • • • > A„ > |A„+i|) and 
integral (i.e. every Ai G Z). The action of the Cartan involution on representations 
is via: 

(Ai, . . . , A„+i) H> (Ai, . . . , A„, — A„+i). 

Note in particular (see Lemma 14. ip that p = px is strongly acyclic if and only if 
A„+i ^ 0. 

The Weyl group of U consists of permutations and sign changes of {ei, . . . , Sn+i} 
with even sign (i.e., positive determinant). In particular \Wu\ = 2"(n + 1)!. The 
subgroup Wf — Wmj C Wu comprises all permutations that fix the first coordinate. 

We have pu + \ = (n + Ai, n — 1 + A2, . . . , A„+i). We may assume that A„+i > 
and for convenience we will rewrite 

pu + \ ^ (a„, . . . ,ao). 

Note that (aj) is a strictly increasing sequence of nonnegative integers. 

The set WufXWu has size 2(n + l); one may choose a set of representatives for it 
given hy Wk {0 < k < n), any element sending Sk to £1, as well as w^, any element 
sending Sk to — £1. For explicitness we choose Wk so that 

(5.9.1) Wfc(pc/ + A) = (afe,a„,...,a^, ...,ao); 

it is of sign (—1)""'^. (As usual, Ok denotes that the ak term is omitted.) Choose 
wl similarly to Wk but replacing O/t, ao by — Ofc, — ao respectively. Thus + too = 
(i, a„, . . . , afe, . . . , ao). 

To apply Proposition 15. 2[ first note \pu + Ap — l^ui^P = OfekPj where |£p is 
the common value of any |£jp. This again shows that p\ is strongly acyclic when 
ao = A„+i ^ 0. Set 

E=E{p)= n ^= n 

0<i<j<n Q<i<j<n 

When p is trivial, E = F. Now, notation as in Proposition 15.21 

(5.9.2) P^.itao) = P^'^itao) = | H ^2^^- 

Note that the left-hand side is independent of the normalization of the inner product 
(•, •). The polynomial Ilk{t) — Hj^fc ^_ is of degree 2n and Uk{±aj) — Sjk, the 



THE ASYMPTOTIC GROWTH OF TORSION HOMOLOGY FOR ARITHMETIC GROUPS 27 



Kronecker S symbol. Set Qk = lik + . . . + n„; it is the unique even polynomial of 
degree < 2n which satisfies 

Proposition 15.21 then implies that: 

t'iUip) = (-irc(tf"+')^E rnfe(t)dt. 



(5.9.3) = (-l)"c(tf"+i)M^^ / " Q,(j.)di.. 

k^QJak-i 

Here we set a_i ~ 0. 

Each integral in (|5.9.3p is positive. In fact has a root in each interval 
[±aj-i,±aj] for I < j ^ k, as well as a root in [— ao; oq]. Being of degree < 2n — 1 
this forces Qk to be either constant (this is the case iff /c = 0) or strictly increasing 
between Uk-i and Uk- It follows that J^J" ^ Qk{v)dv > 0. 



5.9.2. G = SLg. In this case U = SU3, K ^ SO3, Af/ ^ {g G GL2(R) : detg = 
±1}, and Kf 02(M). 

Fix an element g e SU3 conjugating tu into diagonal matrices; let Sj (1 < j < 3) 
be the pull-back, by g, of the coordinate functionals. Thus ^ £j = 0; moreover, we 
may choose g such that: 

(1) The positive roots are — ej, with i < j; 

(2) pu = ei -£3; 

(3) b is identified with the kernel of ei + £2 — 2£3; 

(4) ao = ^(£1 + £2 — 2£3) is the unique restricted root Oo,m —J- M; 

(5) The Weyl group S'3 acts by permuting the Sj. 

Now let p > q> r E Z, and set A = pei + q£2 + '"£3. Put 

Ai = i(p+l-g), A2 = i(p-r + 2), and A:, = ]^{q - r + I). 

Ci = i(p + 9-2r + 3), C2 = \{p + r-2q), and C3 = i(2p - g - r + 3). 



Proposition [5?2] gives, after a routine computation 



4^)(p) = 2|ao|c(5)E(-l)^-+i / A,( — 
Now /o'"''(^ - A])dy = ^ii^ (3C| - AA^). The inner fc-sum equals 

8A1A3C1C73 + 8A2IC2I 
which is manifestly positive, since ^i, A2, A3, Ci, C3 are all positive. 



AsC^S, C^2 > 

AiC^, C2 < 0, 
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5.9.3. Numerical computations. Here we compute the explicit value of the constant 
c{S) appearing in Proposition 15.21 The computations are not original, they were 
first done by Olbrich [SD] following Harish-Chandra. We just translate these in our 
setting. 

I Wm ■ I 

First recall from ^ 35. 71 that c{S) = § \ Wk* I '^s^ where c'g is the constant appearing 
in the Plancherel measure (|5.4.2|) . This constant is explicitely computed by Harish- 
Chandra [SH §24 Thm. 1 and §27 Thm. 3] but we have to take into account that 
Harish-Chandra's and our normalizations of the measure dg and dv differ by some 
multiplicative factor. 

Indeed the Plancherel measure ()5.4.2p depends on the normalization of the Haar 
measure dg and of dv. Our normalization (cf. §3.3) of dg differ from Harish- 
Chandra's by the factor 25(dim(S)-dimaM) _ ^ Lemma 2]. Similarly our 
dv is the Lebesgue measure which corresponds to the metric induced by the Killing 
form on Hom(oo,R,R). It differs from Harish-Chandra's by the factor (27r)'^'^'^). 

We thus get 



(5.9.4) c's 



|iyA|(2^)^(d'-«/^+*(«)) naeA+ W>< 



where Wa = {k K : Ad(fc)a c a}/Kf, A+ = A+(b,«) and pK G b* is the 
half-sum of positive roots in . 
But j31, §37 Lemma 4] implies that 

n.eA+W:") vol([/)vol(B) ' 

where the volumes are the Riemannian ones corresponding to the Killing form. 

We may now suppose that 5(G) = 1 and let ao the unique positive restricted 
root ao,R — M. Then \o\{Tij) / \o\{B) = 27r/|ao| and we get: 

(5.9.5) ^<^e^-^P^'^-) ^ (2^).(d..(G/K)-i) 2. _ 

iUeA+KPK.a) |ao|vol(S''=) 

We finally verify by direct inspection that |vk^||vi/^| — 2 except for G — S02„_|_i_i 
where [vkI^^ivFaI ~ \- follows from (|5.9.4I) and (|5.9.5p that: 



(5.9.6) c{S) 



ffG^SO°„+i,i, 



|ao|vol(S<=) ^ 7- ^^2n+ 

if G = S05„ 



4|ao|vol(S'^) ^ ^^2n+l,l 



Examples. 1) Since the volume of the standard (2n -I- l)-sphere is 27r"+^/n! we get 
c(H2"+i) = so that: 



41..(p) = (-ir^^E/"n,(t)d.. 

(Notations are as in ^15.9.11 ) 

When p is the trivial representation we recover that t'"^} = ^BtF' ^b? ~ il^' ■•■ 
see [33] for more values. 

2) There is a natural Haar measure dg on SL3(R) which gives covolume C(2)C(3) 
to SL3(Z). As in §3.3 the measure dg is the product of a Riemannian volume 
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form dx on S = SL3(M)/S03(K) and the Haar measure dk on K normalized so 
that vo\{K) — vol(S^)vol(§^) = Stt^. The volume form dx is associated to the 
invariant metric induced from the trace form of the standard representation of 
s[3(M). Then a routine computation - using e.g. Macdonald's formula [44] - shows 
that vol(5^) = TT^/V^ and we deduce from §5.9.2 that 

tyitrw)^ — 

so that 

/2 

tl?^(triv) X vol(SL3(Z)\5) = 4^C(3) ~ 0,003. 

3) One of our most important example is G = SL2(C). It is locally isomorphic 
to SO3.1 but we have U = SU2 x SU2 and representations of U are more easily 
parameterized by two non- negative integers (p, q) ; namely, 

96,^ - ^-^0 j X e-^^ 

The action of the Cartan involution on representations corresponds to the involution 
a O /3 on highest weights. The representation p\ is strongly acyclic if and only if 
p ^ q. The corresponding finite dimensional representation of SO3 i is parametrized 
by (oi, ag) = (p + q + l,p — q) and we find: 

^M^p) ^^{{p + <i + ^f-\p-<i\'' + 'i{p + q + i)\p-q\{p + q + i-\p-q\)}- 

One interesting possibility is that one could numerically compute L^-torsion suf- 
ficiently rapidly to be of interest as an algorithm for computing homological torsion. 
We do not know how efficient one could expect this to be, in practice. 

6. AsH-SeRRE CONJECTURES AND CONJECTURE 11.31 

We shall discuss the Ash-Serre conjectures, relating torsion classes for arith- 
metic groups to Galois representations; after this, we explain why these conjectures, 
together with various known heuristics in number theory, are "compatible" with 
Conjecture 11.31 In particular, we shall see how the term rank(G) — rank(if) in 
Conjecture II .31 arises naturally from arithmetic computations. 

This section, by contrast with the previous, is very algebraic and should also 
be regarded as very speculative in character. We do prove, however, two results 
that are possibly of independent interest, Proposition 16.11 (classification of odd 
involutions in the L-group) and Proposition l6. 41 (counting the number of local nearly 
ordinary representations.) 

6.1. Proposition. Let G be a semisimple simply connected algebraic group over 
the real numbers. Let be the Langlands dual group. Every involution in 
lifting the nontrivial element of Gal(C/M) has trace > rank(G) — 2 rank(_fir) in 
the adjoint representation; the set of elements of ^G with adjoint trace equal to 
rank(G) — 2 rank(_fi') forms a single G'^ {C)-orbit. 

This proposition has also been independently proven by M. Emerton and will 
appear in a published version of |13j . 

This motivates the definition of odd Galois representation that will play a critical 
role in our later discussion ( §6.2.5^ : a Galois representation with target ^G is odd if 
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the image of complex conjugation lies in the canonical class of involutions specified 
by the Proposition. 



Proof. It suffices to verify the assertion of the Proposition in the case when the 
Lie algebra g of G is R-simple and quasisplit (the latter because the L-group is 
unchanged by inner twisting). 

We shall use the fact that involutions correspond to real forms of semisimple Lie 
algebras together with a case-by-case check. More precisely, if f) is any complex 
semisimple Lie algebra, there is a bijection: 

(6.1.1) involutions of f) modulo inner automorphism o real forms of (). 

The map from the right-hand to the left-hand side is given by the (conjugacy class 
of) Cartan involutions associated to a real form. There are natural equivalence 
relations on both sides: on the left, we have the fibers of the projection to Out([}); 
on the right, we have the equivalence relation of "inner twisting." These relations 
are identified under (16.1.11) . 

Let us recall, moreover, that any real semisimple Lie algebra [)o possesses a 
unique quasi-split inner form f)Q^. It is numerically distinguished amongst inner 
forms of [}o by the fact that the Cartan involution has minimal traceQ 

Together with (|6.1.ip . this implies that there is a unique conjugacy class of 
involutions in of minimal trace on g, but does not identify this trace. Let Qq 
be the quasi-split real form of whose associated involution (under the bijection 
of (|6.1.ip ) projects, in Out(g^), to the image of the complex conjugation under the 
map Gal(C/M) ^ Out(0) = Out(0^). 

Our assertion now amounts to the following; if Q is the involution of obtained 
by complexifying the Cartan involution of Qq, then 

(6.1.2) trace(e) = rank(G) - 2 rank{K). 

We verify this case-by-case. The map g — !■ gg is an involution on isomorphism 
classes of simple real quasisplit Lie algebras; it fixes: 

(1) The split forms of g2,f4,e7,e8 and so(2n, 2n). Both sides of (|6.1.2p equal 
— rank(G); 

(2) so{2n -l,2n+ 1); both sides of (pX^ equal 2 - 2n. 

(3) Every g that is not absolutely simple, i.e., any complex simple Lie algebra, 
considered as a real Lie algebra; in those cases, both sides of (|6.1.2p are 0. 



"This follows from the NAK decomposition; since the Lie algebra of NA is solvable, its com- 
plexification has complex dimension at most the dimension of a complex Borel, with equality if 
and only if the group is quasi-split. 
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As for the remaining cases, the involution switches pairs of rows in the table: 



(6.1.3) 



3 


ro - 2rK 


trace(9) 


5u{p,p) 


-2p 










-2p 


su{p,p + 1) 


-2p- 1 


1 


shp+i 


1 


-2p- 1 


soip,p+l) 
sp{2p) 


-P 
-P 


-P 
-P 


so(2p+l,2p+l) 


1 - 2p 


-1 - 2p 


so(2p,2p + 2) 


-1 - 2p 


1 - 2p 


spilt 
^6 


-2 


-6 


^6 


-6 


-2 



In the last line, t^^ denotes the unique quasi-split, non-split form of Cq. 
6.1.1. Examples. 

(1) For G = SL„, an odd involution on = s[„ is conjugation by: 

/ 1 \ 



□ 



± 



-1 



-1 



\ ■• / 

(2) For G = SU„ , an odd involution on ~ s[„ is represented hy X i-^ —X* 
(negative transpose). 

(3) If G admits discrete series (i.e., rank(G) = rank(iir)) then the odd involution 
is the unique conjugacy class with trace — rank(G). This case is discussed 
in detail by B. Gross [28] . 

(4) If Gi is a complex reductive group, and G the Weil restriction of scalars 
to R, then an odd involution = Qi ® Qi is given by {X, Y) H' {Y, X). 

6.2. Modularity conjecture. We formulate a slight generalization of 2 (split 
semisimple group, as opposed to SL„); we don't address the difficult question of 
pinning down all the weights in which a given Galois representation occurs (see e.g 
[211 [Ml [3S| and an unpublished manuscript by Clozel and Belabas where they make 
precise computations for SL2 over an imaginary quadratic field). 

6.2.1. Let G be a semisimple simply connected spli^ algebraic group over Z. Let 
be the dual group. We regard it as a split group over Z. 

For later use, we fix a maximal torus T C G, a Borel B C G, and thus a system 
of positive roots for T. Because G is simply connected, the half-sum of positive 
roots gives a character p : T ^ G^- 

We also fix a torus C dual to T, and a Borel = T^iV^ C G^ 
containing T^. 

6.2.2. Define the level Q subgroup T{Q) = ker(G(Z) ^ G(Z/QZ)) . Let ro(g) 
be the preimage of B(Z/(5Z) under the same map. 



^The assumption of split is not necessary; we have imposed it to simplify the notation at several 
points. The main goal of this section is to understand the arithmetic significance of the factor 
rank(G) — rank(if), and this is already interesting in the split case. 
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6.2.3. We define a weight to be an algebraic character x of T such that x — p is 
dominant. We say that it is strongly regular if (x, a^) > 2 for every simple coroot 

. In what follows, we always suppose that x is strongly regular. 

6.2.4. We shall extract from x an arithmetic F-module A/x: 

Being dominant, x — p is the highest weight of an irreducible representation 
a : Gq — ^ GL(PF), where is a finite dimensional Q-vector space. We choose a 
r(l)-stable Z-lattice Mx C W. Such a lattice is not, in general, unique. 

6.2.5. Fix an algebraic closure Q of Q and a place of Q above every place v oi Q. 
This gives an algebraic closure Qv of Qv and an embedding := Gal(Qi,/Qt,) ^ 
Gal(Q/Q). We henceforth regard as a subgroup of Gal(Q/Q). Let Iv C be 
the inertia group for v finite. For v infinite, let Coo be the nontrivial element of Dy. 

6.2.6. Let fc be a finite field of characteristic p and of cardinality q. 

Let u! : Ip C Dp ^ Gjn(fc) be the cyclotomic character (i.e., the map 

Dp — ^ arises from the action on pth roots of unity). Define the character 
associated to x: 

as the composition of iv with the dual x^ : — >■ . 

6.2.7. A representation : D^ — G'^(fc) is said to be: 

(1) {v = oo) Odd, if (t(coo) has trace rank(G) — 2 rank(iir) in the adjoint action 
on g. 

(2) {v — p) Nearly ordinary of type x, if it is conjugate to a representation 
with image in B^(k), which, upon restriction to inertia and projection to 
B^'/N^ik) ^ T^(fc), equals 

We will sometimes also apply the description nearly ordinary at x to a 
representation with codomain B'^ (k); this means simply that the projection 
to B'^ /N'^ coincides, on inertia, with ip^- 

(3) {v — £ ^ p) Steinberg at I, if its restriction to It has as image the cyclic 
subgroup generated by a principal unipotent elemen10of (k). Since Ig 
has a unique cyclic quotient of order p, and all principal unipotent elements 
in G^{k) are conjugate, there exists only one conjugacy class of such maps 

Let (T : Gal(Q/(Q)) — ^ G^(fc) be a homomorphism. We say it is odd (resp. nearly 
ordinary of type x, resp. Steinberg) if its restriction to Dy for v = oo (resp. 
V = p,v = £) is. 

6.3. Conjecture. Let S be a finite subset of places ofQ, not containing p. Suppose 
p : Gal — > {k) is an odd representation, nearly ordinary of type x, Steinberg at 
every place in S, and unramified outside S. Put N = Yiees^' 

Then there is a Hecke eigenclass in H* (Tq{N), AI^) that matches p. 



the purpose of this definition, we shall suppose that ^ is a "good prime" for G^. 
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The meaning of "matches" is the usual compatibihtjO between Frobenius eigen- 
values and Hecke eigenvalues. The idea of such a conjecture is due to A. Ash and 
others and was formulated precisely for G ~ SL„ in '2'. However, to our knowledge, 
it has not been formulated for a general group G; any error in this formulation is 
due solely to us. We have formulated it only in the special case of Steinberg rami- 
fication at S so that we could be precise about the level (in particular, to obtain a 
numerically falsifiable conjecture!) 

Suppose, for example, that G = SL„; take T to be the diagonal torus. For any 
integers ai > 02 > . . . , 



(6.3.1) 





yi 


. 









2/2 ■ 


. 










. 


V 





. 


■ Vn- J 



is a weight. 
Gal(Q;/Qp) 
inertia is conjugate to 



It is strongly regular if oi > 02 > • • • > a„. A representation p : 
— >■ PGL„(fc) is nearly ordinary of type :>iai,...,an if its restriction to 







\ 



a2+n~2 






where uj : Ip ^ is the cyclotomic character. 

For n — 2, the representation of G = SL2 with highest weight x — p is the 
symmetric (oi — a2)st power of the standard representation; thus, this corresponds 
to modular forms of weight ai — 02 -f 2, and strong regularity corresponds to weight 
3 or greater. 

The following result is perhaps of independent interest; it will be of use in ^16.5.11 

6.4. Proposition. Suppose x strongly regular. For sufficiently large p, the number 
of nearly ordinary representations Gal(Qp/Qp) — ?> {k) of type x equals \G^ {k)\ • 
\N^{k)\. 

The condition sufficiently large p arises in one way as follows: We wish to guaran- 
tee, for certain m depending on x, that the rnth power of the cyclotomic character 
Ip — >■ F* is nontrivial. This will be so if p — 1 > m, but not in general if p is small. 

Let us formulate an alternate phrasing, which will be convenient in the proof: 
Let Gi, G2 be finite groups, and let Hom(Gi, G2)* be the set of homomorphisms up 
to G2-conjugacy. Then Hom(Gi,G2)'* is endowed with a natural measure: the G2- 
conjugacy class of a homomorphism a has mass \z\a) \ ' ii^re Z{a) is the centralizer 
of a in G2. Alternately speaking, the measure (or mass) oi S <Z Hom(Gi,G2)'* is 
the number of preimages in Hom(Gi, G2), divided by IG2I. With these conventions, 
we may rephrase the Proposition : the mass of nearly ordinary representations of 
type X equals \N'^ {k)\. 



To be precise: Let s be a prime number distinct from p. Let J^s be the "abstract" algebra 
over Z generated by Hecke operators at s, i.e. the algebra of Z- valued G(Zs)-bi-invariant compactly 
supported functions on G(Q3). Then the usual definition of the Satake isomorphism (see 1291 for 
discussion) actually defines an isomorphism .j^s (g) k Rep(G') Cgiz k; it is important that G is 
simply connected for this remark, otherwise the half-sum of positive roots causes difficulty. 
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Proof. Write, as shorthand, Dp = Gal(Qp/Qp). Fix an algebraic closure k of k. 

Let ^i, -02 be any two nearly ordinary representations of type x valued in B'^ (k). 
We claim that if ipi are G^(fc)-conjugate, then they are already i?^(fc)-conjugate. 
Suppose in fact that Ad{g)tpi = -02, for some g e [k). The intersection gB^ g^^C] 
B^ contains a maximal torus T^' . Let N' be the normalizer of T^' . All Borels 
containing a torus are conjugate under the normalizer of that torus, so there exists 
n' £ N'(k) such that gB"^ g^^ = n'B^n'^^ \ since B^ is its own normalizer, it follows 
that there exists h e B^ (k) such that g = n'b. 

The inclusion into B^ induces an isomorphism of T'^ with B'^ /N"^ . Let w be 
the automorphism of the latter group induced by n' . The composition 

Ip^Dp^ B^'ik) {B'' IN"") (fc) 

is independent of j (it is specified in terms of x). It is also w-fixed. If w is a 
nontrivial element of the Weyl group, this contradicts strong regularity for q large. 
Thus, n' e B'^ik), which shows that g € B'^{k). 

We are reduced to proving that the total mass of nearly ordinary representations 
of type X from Dp to B'^{k) equals |iV^(fc)|; equivalently, the number of nearly 
ordinary representations Dp — )■ B^ (k) equals |A^^(fc)| • |-B^(fc)|. 

Let : Dp — T'^ [k) be any character extending ipx ■ Ip r^(fc). All such 
ip are unramified twists of one another; the total number of such ■0, then, equals 
|TV(fc)|. 

On the other hand, nearly ordinary representations Dp B'^ (k) are precisely 
lifts (with respect to the isomorphism B"^ [k) / N"^ [k) = T'^{k)) of some such 0. We 
are therefore reduced to showing that total number of lifts of any such ip : Dp — >■ 

T^^k) equals ^''^\'^%^'^^ = {k)\' ■ 

Now consider the lower central series for N'^ = Uq D Ui D U2 D ■ ■ ■ ■ Thus 
B'^/Uaik) = r^(fc). Suppose we have fixed a lift of ip to B"" /Uj{k). We have 
an exact sequence of algebraic groups 

This sequence is also exact on fc-points. The group Xj = Uj{k)/Uj+i{k) is abelian; 
Dp acts on it (via conjugation composed with ■0^ ) and the resulting action decom- 
poses into character of the form ao ipj, for various roots a : — ^ k* . 

By assumption of strong regularity, no a o ipj is either trivial or cyclotomic, 
at least for sufficiently large p. Therefore, H°{Dp,Xj) = H'^{Dp,Xj) = 0. The 
vanishing of shows that ipj lifts to B^/J/j+i; the vanishing of proves that 
Uj/Uj+i acts freely by conjugation on the set of lifts. The number of such lifts 
up to Uj /Uj^i-conjugacy is H^{Dp, Xj) = \Xj\, by the local Euler characteristic 
formula [IH]; the total number of lifts is therefore lATjp. 

The desired conclusion follows by iteration. □ 

6.5. Bhargava's heuristics. This section is rather speculative in nature. Our 
goal is to verify that Conjecture 16.31 is compatible with the main result of this 
paper, Theorem ll.4l In other terms: does there exist a sufficiently large supply of 
Galois representations to account for the (proven) exponential growth in torsion, 
when 6 — 17 

Current technology is wholly inadequate to answer this question. We shall use 
heuristics for counting number fields proposed by M. Bhargava. These suggest - 
as we shall explain - that the fraction of squarefree levels N for which there is an 
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eigenclass in H*{T{N), (8) Fp) is ^ p^^'^'^\ Suppose now that A/x is strongly 
acychc; since the product Hp-P^ diverges when 5{G) — 1, this and Conjecture 
IG.SI implv the existence of levels N for which the torsion group has unbounded size. 
This is indeed compatible with the conclusion of Theorem 11.41 

It is also possible to obtain support for Conjecture II. 31 via similar reasoning, but 
we do not discuss it here, focussing only on the case 5—1 where we can prove 
unconditional results about torsion. 

6.5.1. Fix Q a finite group. 

Let L — Hom(Z3i,, Q)' (the restricted product, taken with respect to unram- 
ified representations). 

Let G be the Q-conjugacy classes of suriective homomorphisms Gal((Q/Q) Q. 
Thus there is a natural map G — > L. o 

The "mass" (see remarks after Proposition l6.4p defines a measure on Hom(£'„, Q)". 
For V ^ oo, the set of unramificd homomorphisms has mass 1. Thus, this gives rise 
to a product measure ^ on L. Roughly speaking, Bhargava's heuristic suggests 
that the expected number of elements of G inside a large subset S" C L should be 
approximately IJ-{S). 

Bhargava formulates this as a conjecture only in the following specific case: For 
Q — Sn, we can define the "discriminant" of any element of G, i.e., the discriminant 
of the associated degree n extension. This map G — >■ N>i factors through L. 
Let L(A^) C L, G(A^) C G be the subsets of discriminant < N. Then Bhargava 
conjectures that 

(6.5.1) \G{N)\r^ fi(L{N)) N^oo. 

Bhargava proves this conjecture for n < 5. If we move away from Q = Sn, there 
are no shortage of simple examples (e.g., Q = 5*1) where the heuristic fails in the 
precise form above. Our goal, however, is only to use it as an indication of the 
rough order of magnitude. 

6.5.2. Return to the setting of Coniecture l6.3l Let S" be a finite subset of places of 
Q, not containing p, and let N{S) the corresponding squarefree integer - product 
of the primes in S. We are interested in the number A{S) of Galois representations 
p : Gal(Q/Q) -> (k) as in Conjecture 16.31 - or, rather, the behavior of A{S) on 
average with respect to S. 

For V — oo,p, i ^ p respectively, we define M{v) C IIom(iI'„, {k))^ to consist 
of (respectively) odd, nearly ordinary of type x, and Steinberg-at-^ maps. Let 

/i(S') = mass M(oo) • mass M{p) ■ mass M{£). 
Now, Bhargava's heuristics suggest that: 

N(S)<X N{S)<X 

We claim that ^{S) = q~^^^\l + O^q'^^"^)) for any such S; this follows from the 
equality 2 dim(iV) + rank(i^) — dim(G) = —S{G) and the following remarks: 

(1) For £ ^ p a finite prime, mass AI{£) — 1: the Steinberg-at-£ maps form a 
single conjugacy class after restriction to I^. 



'The letters G and L stand for global and local. 
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(2) Let O be the algebraic subvariety of consisting of odd involutions. We 
regard O as a scheme over Z. It follows from Proposition l6.1l that O x^C is 
an irreducible variety of dimension dim(A^) +rank(iir)13 By the Lang- Weil 
estimates, |0(fc)| = gdim(A')+rank(K)^2 + 0((7"^/2)). We conclude: 

maSs(M(oo)) = qdim(A')+rank(A:)-dim(G) Oiq~^/^)). 

(3) For V — p, Proposition [63] gives mass(Af(p)) = gdim(jv)^ 

We conclude, then, that - if we suppose valid a generalization of Bhargava's 
heuristics - the average value ofA{S), over S with N{S) < X , approaches q~^^'^\l+ 
0{q~^/'^)). As we have already discussed at the start of this section, this is "com- 
patible" with the conclusion of Theorem 11.41 in the case i5 = 1 . It also suggests that 
there should be a "paucity" of Steinberg torsion classes when 5 >2. 

Remark. One can also try to analyze the issue of torsion via eigenvarieties or 
Galois deformations. These (roughly speaking) parameterize lifts of a given mod p 
torsion class or Galois representation, and conjectures concerning their dimension 
are therefore related to the the likelihood that a mod p class will lift modulo p^ . 
In our (limited and possibly mistaken) understanding, conjectures such as those of 
[l3l [T5] suggest that the "likelihood" that a given class modulo p lifts modulo p^ 
should be of order p~^^^\ Also, Conjecture 6.1 of [13] also suggests that, when 
(5=1, the torsion is largely in "the middle dimension," namely, in degree fiiE^hii, 

7. Combinatorial picture 

This section has a different flavour to the rest of the paper; it is more general, in 
that we deal with an arbitrary cell complex; however, it is also less general in that we 
deal with a tower of coverings of a fixed space, whereas many of our previous results 
applied to any sequences of locally symmetric spaces with increasing injectivity 
radius. 

We have seen in §2.5l that "limit multiplicities formulas" may be easier to prove 
in the context of combinatorial torsion than from the "de Rham" perspective. Such 
a phenomenon already appears in the classical case of normalized Betti numbers 
converging toward L^-Betti numbers. The most general result, due to Liick [32], is 
proved in the combinatorial setting and no general proof is known in the analytical 
one. 

7.1. From now on let X be a path-connected finite cell complex having a universal 
cover K and fundamental group F, so that K is the quotient of K by (left) deck 
transformations. By "the cover of K corresponding to" a subgroup F' ^ F, we 
mean the quotient K jV together with the induced map to K. 

Now let A be a quotient of F, i.e., we regard it as being equipped with a map 
F ^ A. Let K be the covering space of K corresponding to the kernel of F — A; 
let Aat C • ■ ■ C Ai = A be a decreasing sequence of finite index normal subgroups, 
with H^^j^Aat = 1. and Kf^ the cover corresponding to the preimage of Aa? in F. 
Denote by 



"'^'^Indeed, Proposition 16.11 shows that the complex points of O XzC form a single G^{C) orbit, 
and the dimension D of the Lie algebra of the stabilizer of any point © satisfies: 2D — dim{G) = 
trace(0). We get D = '^^'^('^)+''^'^^(^) — 2rank(jy) claim follows. 
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the torsion part of the cohomology, and define the regulator W{Kn) as in p.2.4|) . 

Let (K) be the cellular cochain complex of K. Each is a finitely generated 
free Z[A]-module. A cell complex for Kn is given by C^{K) ®zK Z[A/AAr]. In all 
cases, we equip the complexes with the inner products in which the characteristic 
functions of distinct cells form an orthonormal basis. 

Let = dj-id*_i + d*dj\ here d* is the adjoint of dj with respect to the inner 
product described. Each Aj is a Z[A]-endomorphism of the finite free Z[A]-module 

In particular, if we fix a basis for as a left Z[A]-module, A^- is given by right 
multiplication by a unique matrix with entries in Z[A]. We indeed fix such bases, 
and, in what follows, regard A^- as an element of Mat„j (Z[A]). 

7.2. Let us discuss, first of all, the simple case where A — 1/'\An ~ iVZ'". 

f-acyclicity. For {zi,...,Zm) G (C^)™, let Aj(z) e Mat„^ (C) be obtained from 
Aj via the homomorphism (ni, . . . , n„i) G A H> Y\i -^f'- We say that K is £^-acyclic 
if det Aj(z) - which is always a polynomial in z^^ - is not identically vanishing for 
any j. (This condition is equivalent to the vanishing of the reduced ^^-cohomology.) 
Note that 

dimWiKNX) ^ XI dimkerAj(z). 

z«=l 

The set of roots of unity contained in the zero locus of ker A^ is contained in a 
finite union of translates of proper subtori of (S'^)™ (this is a simple example of 
a "Manin-Mumford" phenomenon; see [19] for a discussion of this in topological 
context) so it follows that, if K is ^^-acyclic, then 

(7.2.1) dimi/^(i^Ar,C) < A7V'"-\ 
the constant A depending only on K. 

l"^ -torsion. We define it as: 

(7.2.2) r(2)(i^;A):= V(- 1)^+1 j7 log | det A, (z)|dz, 

the integral being taken with respect to the invariant probability measure on the 
compact torus (S*^)'". 

For example, let k be an oriented knot with exterior = S'^ — int N{k), where 
N{k) is a regular neighborhood of k. The meridianal generator of the knot group 
7ri(§'^ — k) represent a distinguished generator t for its abelianization. We identify 
this generator with the standard generator 1 of Z. Fix K a triangulation of V as 
a finite polyhedron and let K be its maximal Abelian cover corresponding to the 
kernel of 7ri(S — k) Z. Let A be the Alexander polynomial of k. It is never 
identically vanishing and K is ^^-acyclic, see [45] for more details. It is well known 
see e.g. [351 (8.2)] that 

(7.2.3) T^^\k:Z) = -logAf(A). 

7.3. Theorem. (Growth of torsion and regulators in abelian covers). Notation as 
above; suppose that K is t"^ -acyclic. Then 

(7.3.1) 0<.<dim(ir). 
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Moreover, ij ni = l, we have 



\0gT{KN) ^ _(2) 



where the t^^^ is the l'^ -torsion. 

Applied to cyclic covers of a knot complement, Theorem 1 7 . 31 translates into the 
theorem of Silver and Williams jSSj mentioned in the introduction. Likely one could 
prove a version of (j7.3.2p for to > 1 replacing lim by limsup; also, one can establish 
(j7.3.2p for general m if we suppose that each det Aj is everywhere nonvanishing on 
(S"^)™, this being the analog of "strongly acyclic." 

Proof. (|7.3.ip follows from the subsequent Proposition 17.41 taking into account 
(|7.2.ip and the fact that A/Ajv is abelian. 

Now apply (12.2.41) and (12.2.51) . They imply, together, that: 



los 



(|7X2l) then follows from ([2X3l) : 

Write Aj(z) = alljl-^ ~ -^i)- Note that z ^ det Aj(z) is non-negative on the 
unit circle and has only finitely many zeroes amongst roots of unity, so 

^ logdet'Aj(C) -iVloga- ^ log|zf -1| 

is bounded as iV — > oo. Thereby, ^^jv^;^ logdet 'Aj(^) approaches logo + 
log^ \zj\, which is the integral of logdet Aj(z) over 5^. □ 

7.4. Proposition. Let Sn be the sums of squares of all the dimensions o/A/A^v- 
representations occuring in H^{Kn,C) (counted without multiplicity). Then: 



log 



< A\og[A : An]+B, 



Sn 

the constants A, B depending only on K . 

Note that the Proposition does not require A/Aat to be abelian. The basic idea 
is to use the action of A/ An to split the cochain complex of Kn into two pieces: 
an acyclic piece, and a piece contributing all the cohomology. Under favorable cir- 
cumstances, the latter piece is small, and it follows that i?* is small. In practice, we 
cannot literally split the complex into a direct sum of Z-subcomplexes; nonetheless, 
we can do so to within a controlled error. 

More specifically, the proof will follow from the string of subsequent Lemmas: 
the bound '°|^ > ■ ■ ■ follows by specializing Lemma [7751 to the case of the cochain 

complex of Kn; the inequality — ^°|^ > ■ ■ ■ follows from applying that Lemma to 
the dual complex and using Lemma 17.61 

We say that a metrized lattice is mte^raHf the inner product (— , — ) takes integral 
values on L. Note that a sublattice of an integral lattice is also integral. 

Lemma. Any integral lattice has volume > 1. 
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Lemma. Let f : Ai ^ A2 be a map of integral lattices of dimensions < n. Suppose 
every singular value of f is < M, where we suppose M > 1. Then: 

1 < vol(ker/) < vol(yli)M", 

and the same inequality holds for vol(iniage/). 

Proof. This follows from the prior Lemma and (|2.1.ip . □ 

Lemma. Let A* be a complex, as in (|2.2.ip . Suppose every A^ is an integral 
metrized lattice (not necessary of volume one). Let v > 1^ M > 1, D be such that: 

(1) Each A' (g) Q has a basis consisting of elements of A^ of length < v; 

(2) dim(A') < D for all i; 

(3) All differentials di : A^ — >■ have all singular values < M . 
Then: 

(7.4.1) R'{A*) > [Mv)-'^ 

Proof. Hadamard's inequality implies that vol(A*) < (indeed, if xi, . . . ,Xr € A'' 
form a Q-basis, then vol(A*) < \\xi A • • • A Xr\\, whence the result). The result 
follows from the prior Lemma and (|2.2.3p . 

□ 

7.5. Lemma. Notations as in the prior lemma; let G be a finite group of order \G\ 
actin^^ on A* . Let S be the set of all characters of all irreducible G -representation 
that occur in H'(A* (g) C) and let D be the dimension of the 'E.-isotypical subspace 
ofA\ Then 

W{A*) > {Mv\Gf)-^. 

Proof Set 

eB = ^x(l)E^-9eC[G]. 

Then, in fact, es € Z[G']: its coefficients are algebraic integers that are fixed under 
Galois conjugacy. Moreover, el = IGjes; indeed, eH/|G| realizes a projection onto 
the S-isotypic space of any G-representation. 

Since |x((?)| < |G| for all g, |S| < |G|, and each g E G acts isometrically on A*, 
we see that es acting on A* increases norms by at most \G\*. 

Let IT : A* ^ A* he the endomorphism induced by es; let B* be the image of 
IT, and L : B* ^ A* the inclusion. Any "harmonic form" in A* (g) M is fixed by 
the projection es/\G\ and so belongs to B* (g M. Therefore l induces an isometric 
isomorphism 

t*R : H*{B*,R) H*{A*,R). 

We are going to show that i*R7r*R - an endomorphism of H* {A* , R) - is multi- 
plication by |G|. Indeed, let x e A^ be a cycle, so that dx — 0. There exists a cycle 
y G i?^ g) M such that Ly — x + dz, for some z G A^~^ (E) R. Write [x], [y] for the 
corresponding cohomology classes with real coefficients, so that i.*R[y] — [x]. Now 
t*R7r*R[a;] equals t*R7r*Rt*R[y] = |G|t*R[2/] = |G| • [x]. The claim follows. 

This implies that the image of |G| • H^{A*,Z) inside iJ*(A*,K) is contained in 
the image of W{B*,Z) inside ff*(B*,M) ^ W{A*,R). Thus, 

(7.5.1) R'{A*) > |Gr^™^'ff(^*)- 



We understand this to mean that the action on A* (g) R is isometric. 
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By definition of as the image of the endomorphism tt, which increases norms by 
at most |G|^, i?* (X) Q is generated as a Q- vector space by elements of of length 
< \G\'^i^. Finally, dim_B' < D. Combining (j7.5.ip and (j7.4.ip gives the desired 
conclusion. □ 

7.6. Lemma. Let A* be a complex, as in (|2.2.ip . and let A* be the dual complex 
dual complex 

O^A"^A^^... 

where Ai — Hom(A^,Z), endowed with the dual metric. Then the regulator W of 
A* satisfies: 

W ■ W = 1. 

Proof. In fact, the pairing between A-> and A^ induces a perfect pairing between 
the cohomology groups of A* (X) C and A* and the image of the cohomology of 
A* and A* projects to lattices in perfect pairing with respect to this duality. □ 
We have now concluded the proof of Theorem l7.3l let us describe an application: 

7.7. Corollary. Let V be a compact S-manifold which fibers over the circle. Let S 
be a fiber. / : S* — )• 5 the monodromy map and Pf the characteristic polynomial of 
the linear map induced by f on Hi{S). The fibration over the circle induces a map 
7ri(V) Z. We denote by the corresponding N-fold covering ofV. Then: 

i^^i^M^.logMCP,). 

Proof. It is a theorem of Liick [43j Theorem 1.40] that the infinite cyclic cover V 
associated to Tri{V) -» Z is £^-acyclic. We may thus apply Theorem 17.31 Here - 
as in the case of knots complements - the i?^-torsion of V is equal to — logM(A) 
where A - the natural generalisation of the Alexander polynomial - is equal to Pf . 
This proves the corollary. □ 

7.8. Asymptotics of torsion. We now work with general A. It is possible to 
define the combinatorial £^-torsion r*^^' {K; A) of if in a manner generalizing (|7.2.2p 
in the case A = Z. 

Question. Supposing K has trivial ^^-homology; under what circumstances does 
the sequence 

logr(j^Ar) 

[r : r^] 

converge to — r*^^^ {K; A) a.s N ^ +oo ? 

This is true if K is "strongly acyclic," in that the eigenvalues of each Aj on each 
Kn are uniformly separated from zero. We do not know any example where this is 
so besides those already discussed. 

8. Examples 

8.1. Existence of strongly acyclic bundles. Let notation be as in Theorem ll.4l 
We shall prove that strongly acyclic bundles always exist when ^ = 1 . 

Let T C G be a maximal torus. Let be a Galois extension of Q splitting 
T. Let Tb = T xq and let X* resp. be the character lattice of T^;, resp. 
the dominant characters. For each x G XI there is associated a unique irreducible 
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representation ofGxqE, denoted px, with highest weight x. There is an associated 
homomorphism 

G ^ ResE/QGL{Wx) ^ GL(ResB/QWx), 
where, by ResE/qWx, we mean Wx considered as a Q- vector space. 

Let Px be this representation of G on Wx Res^/qWx- Then (Xiq C de- 
composes into irreducible G(C)-representations; their highest weights are obtained 
from X by applying the various embeddings E ^ C 

We claim that, so long as a; £ avoids a finite union of proper hyperplanes, 
any stable Z-lattice in Wx will be strongly acyclic. 

In fact, the complexified Cartan involution induces a certain M^-coset W C 
Aut(X*(Tc)): Pick any Cartan-stable maximal torus T' of G defined over R; the 
complexified Cartan involution induces an automorphism of X*{T'f,), the latter is 
identified with X*{Tc), uniquely up to the action of a Weyl element. According to 
the Lemma below, each w G W acts nontrivially. Now, by ()4.1|) . we may take the 
"finite union of hyperplanes" to be the preimages of the {fix(a;) : uj G W} under 
the various maps X* — X*{Tc) induced by the various embeddings E ^ C 

Lemma. Suppose that S — 1. Let : g — )> g be (the complexification of) a Cartan 
involution. Let t be any 9-stable Cartan subalgebra. Then the action of 9 on t does 
not coincide with any Weyl element. In particular, 9 acts nontrivially on the set of 
isomorphism classes of irreducible Q-modules. 

Proof. It suffices to check the case when is isomorphic to one of the simple real 
Lie algebras sis and so(p, q) for pq odd. Now suppose the assertion is false; we may 
multiply 9 by an inner automorphism to obtain 9' which acts trivially on t and on 
every positive simple root space. Using the Killing form, we deduce that the action 
of 9' on every negative simple root space is trivial. Since these, together, generate 
g, we conclude that 9' is trivial, and 9 was inner: a contradiction, for in both cases 
the Cartan involution is not inner. □ 
For example, if G is given by the units in a nine-dimensional division algebra 
D over Q, then a congruence lattice in G is given by o^, the units in a maximal 
order of D; and a strongly acyclic o^-module is given by o^i itself. Indeed, in 
this case - taking for E a cubic extension of Q that splits D - the representation 
"Wx ® C," notation as previous, is the the sum of three standard representations 
of G(C) = SL3(C); moreover, the isomorphism class of the standard representation 
is not fixed by the Cartan involution; it is interchanged with its dual. 

8.2. Hyperbolic 3-manifolds and the adjoint bundle. There is a particularly 
interesting strongly acyclic bundle that exists for certain arithmetic hyperbolic 3- 
manifolds: 

Let B be a quaternion division algebra over an imaginary quadratic field, and 
Ob a maximal order. Then embeds into PGL2(C), and acts on M^; let M be 
the quotient, and M any covering of M. 

Let L be the set of trace-zero elements in Ob, considered as a 7ri(Af)-module via 
conjugation. Then L[^{M, L(S)C) =0. This is a consequence of Weil local rigidity. 
In fact, the module L is strongly acyclic, and explicating the proof of the Theorem 
shows that: 
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This has the following consequence: Although the defining representation tti (M) - 
SL2 does not deform over the complex numbers, it does deform modulo p for many 
p: indeed, if p divides the order of iJi(7ri(A/), L), it means precisely that there is a 
nontrivial map 

^i(Af)^SL2(FpMA2). 

It would be interesting if the existence of "many" such quotients shed any light 
on the conjectural failure of property r; cf. [41] . 

Remark. For any compact hyperbolic manifold M , we may consider the three- 
dimensional flat complex bundle defined by composing p : tti{M) — )• SL2(C) defin- 
ing the hyperbolic structure, with the adjoint action of SL2(C). Again, the corre- 
sponding local system is acyclic. However, in general, this representation does not 
have an integral structure. It can sometimes be defined over the ring of integers of 
a number field larger than Q; but the resulting local system of Z- modules is not 
.strongly acyclic. 

8.3. Lifting torsion: hyperbolic n-manifolds, n > 3. Combined with geo- 
metric techniques, one may use Theorem 11.41 to obtain torsion even in certain 
(nonarithmetic, nonexhaustive) sequences with 6 = 0. 

Let F be a totally real number field and (V, q) be an anisotropic quadratic space 
over F, of signature (n, 1) over one infinite place and definite over all other infinite 
places. Let U C 1^ be a i^-rational non-degenerate subspace of signature (3, 1) over 
one place at infinity. Let a denote the involutive linear map from V to itself which 
acts as the identity on U and as minus the identity on [/^. 

It is proved in [5] that there exists a - possibly non-congruence - lattice F C 
SO{q, F) such that F retracts onto F"^. We denote by 



the retraction. 

The group F'^ is a lattice in SO{U) = SOs^i. We let {L,p) be a strongly acyclic 
Z[F°"]-module. Composing p with the retraction r turns L into a Z[F]-module that 
we still denote L. It is not arithmetic. 

Proposition. 1) There exists a decreasing sequence of finite index subgroups F^r < 
F so that \Hi{Tn, L)toi-s\ grows exponentially with [F : F^r]. 

2) There exists a decreasing sequence of finite index subgroups F^r < F such that 
njvFiv = {1} and 

liminf^°g'^f";i3\-'>0. 
vol(F^\H3) 

Proof. 1) Theorem ll.4l implies that F'^ contains a decreasing sequence of finite index 
subgroups F^ < F'^ such that |i7i(F^, L)tors| grows exponentially with the index 
[F*^ : F^]. Let Fjv be the preimage of F^ by the retraction map r. Then 

H,iT^,L)^H,iT%,L) 

and the conclusion follows. 

2) Let Ftv < F be any decreasing sequence of finite index subgroups such that 
(^N^N = {!}• It follows from that the map r induces a virtual retraction from 
Tn onto F^ = Tn n F'^. Replacing each F^v by a finite index subgroup we may 
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thus assume that the retraction map r induces a retraction from T n onto FJ^. This 
yields injections: 

i/i(r^,L)-^i?i(rAr,L). 

Now nArF^ {1} and L is strongly acyclic. So that Theorem 11.41 implies that 

^.^.^^iog|H,(r^,xwi 

vol(F^\H3) 

□ 

Note that in case 1), the intersection nArFjv is non trivial. It is equal to the kernel 
of r. Case 2) is reminiscent from the results of Borel, Labesse and Schwermer [7] who 
construct non-trivial cohomology classes for some series of examples of arithmetic 
groups as lifts from discrete series in a smaller group. 

8.4. The hyperbolic plane; Shimura varieties. In case G = SL2(M), any 
torsion-free lattice F ^ G has torsion-free cohomology; indeed, the homology of 
F is identified with the homology of the Riemann surface F\H^. 

More generally, it is believed that the cohomology of Shimura varieties (all of 
which have (5 = 0, for example, G = Sp„(M), or G = 0(27i,rn), or G = U{n,m)) 
should have very little torsion - precise statements in a related vein are proposed 
in [H]. 

Evidence in this direction is provided by |10[ 121) . 

8.5. Good groups. Following Serre [551 we say that a group G is good if the 
homomorphism of cohomology groups H"{G,M) H'^iG^Ad) induced by the 
natural homomorphism G — > G of G to its profinite completion G is an isomorphism 
for all n and every finite G-module M . 

Recall two simple facts, see [55l Exercices 1 and 2 (b), p. 13]. 

(1) Goodness is preserved by commensurability. 

(2) If E/N is an extension of a good group G by a good group N such that 
the cohomology groups H'^{N, M) are finite for all q (q N) and all finite 
E-modules M , then E is good. 

If a lattice F is good then the projective limit 

limi?^(F',Z/nZ) 
r' 

over all its finite index subgroups F' is always zero; in other terms, given any class 
a e H^{r, M) there exists a finite index subgroup Fq ^ F so that a|Fo is trivial. 

Arithmetic lattices which satisfy the congruence subgroup property (CSP) are 
not good. On the other hand Thurston has conjectured that lattices in SL2 (C) are 
commensurable with the fundamental group of a 3-manifold fibering over the circle. 
Such a group is an extension of Z by either a free group or a surface group. Since 
these groups are good, it would follow from Thurston's conjecture (and the above 
two simple facts) that lattices in SL2(C) are good. 

In [1] Agol introduces a new residual condition (RFRS) under which he proves 
Thurston's conjecture. Commonly occurring groups which are at least virtually 
RFRS include surface groups and subgroups of (abstract) right angled reflection 
groups. Since it follows from [5] that arithmetic hyperbolic groups defined by a 



-'^^This terminology was introduced by Serre in the course of an exercice. Unfortunately it has 
now become standard. 
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quadratic form are virtual subgroups of (abstract) right angled reflection groups, 
on gets 0: 

Arithmetic lattices o/SL2(C) which are defined by a quadratic form are good. 

8.6. Slow growth of coinvariants. In this section we show (in a special case) - 
in the notation of Theorem 11.41 - that the growth of the orders of iJo(rjv, Af)tors 
and iJdim(s)-i(rjv, Af)tors is at most polynomial in the index. This is compatible 
with Conjecture II. 4[ although it is too easy a case to be serious evidence in that 
direction; we include it largely for completeness. 

We carry this out for a specific family of congruence subgroups; it is very likely a 
similar result holds in greater generality. Suppose that G, M are as in that theorem, 
r a congruence subgroup of G(Q), and p the representation of G on M (g) Q. We 
suppose that p is faithful, that it has no trivial factors, and that F is Zariski-dense 
in G. These conditions guarantee that Hq{T' , M) is torsion for any finite index 
subgroup r' ^ r. 

Consider the family of congruence subgroups 

r(iV) := r n ^"^(l + N End(M)), 

where we regard 1 + N End(M) as a (principal congruence) subgroup of GL{M). 
Under these circumstances we show that: 

The orders of the (finite) groups Ho{T{N),M) and i?dim(S)-i(r(Af), M) 
are bounded by a polynomial in N . 

We shall prove the result concerning Hq, the result about i?diin(S)-i following 
by a dual argument. Note that shrinking F can only increase the size of Hq; we 
begin by replacing F by a finite index subgroup so that its closure in G(A/) is a 
product group, i.e., of the form Y[p Kp, with Kp C G(Qp) a compact subgroup. 

Considering the exact sequence Ho{T{N), M) ^ Ho(T{N),M) Ho{r{N), M/tM) 
we see that 

(8.6.1) \Ho{T{N),M)\=W\Ho{K,[N],M(i(>Z,)\. 

Here, Ki,[N] = p{Ki) n 1 + A^End(M ® Z^). In particular, Kt[N] = Kt[l\ if I does 
not divide A'^. Consequently, 

(8.6.2) \Hq{T{N),M)\ < \HoiT{l),M)\-l[\Ho{Ki[N],M®Z,)\. 

f.\N 

Fix now a prime I dividing N . Let s be the ^-valuation of if ^ is odd; ii £ — 2, 
let s = max(3, 2-valuation of N). Note that Ki[N] D Kill"]. 

Let g be the Lie algebra of p(G); we identify it with a subspace of End(MQ), 
and, because p has no invariant subspaces, gMq = Mq. (Here we write gMq for the 
image of the action map g x Mq — >■ Mq; we use similar notation in what follows.) 
Write 0z = n End(M). Then the index of [M : g^M] is finite. 

Set git] = g n ^''End(M) and Mg ^ M ® Z^. Let Ui be the space spanned by 
{gv - V : g e Ki[t],v G Mi}. We claim 

Ui^{Xv : X eg[n,veMe}. 



particular case is proved in |30| . 
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Indeed, given X e oi^"*], set g — exp(X) = X]i>o IT ^ GL{Mi)\ the series 
converges in End(M£). One checks that in fact g £ K([£'']. Then, for v £ Mg, 

i>l \i>l 

Since ^^—7 — - & Mi for each i > 1, we see indeed that Xv G Ue. Since 
Hq{K£[N], M) is isomorphic to a quotient of M/Ug, we deduce 

\Ho{r{N),M)\ < |i/o(r(l),M)| • (8iV)-"'^(^'^)' • [M : g^M]. 
9. Questions 

9.1. Trivial coefficients. For simphcity, we confine ourselves to hyperbohc 3- 
manifolds and phrase our resuhs in terms of homology, since in this case the inter- 
esting torsion is in Hi, which is simply the abelianized fundamental group. 

If one considers trivial coefficients, the Cheeger-Miiller theorem expresses the 
product. 

\Hi{M,Z)tors\-R 

as a regularized Laplacian determinant; here R is defined as follows: take wi, . . . , w^r 
an I/^-basis of harmonic 1-forms, 71, . . . ,7Ar a basis for Hi{M,'L), and put R :— 

det i f Ljj\ 

V-^T' ■'Jl<t,j<N 

Thus, to understand whether or not the torsion grows, we need to understand 
whether or not the quantity R can be very large- ~ in particular, can it be expo- 
nentially large in the volume of M? (Note, however, that even a complete under- 
standing of R would not settle the question of torsion growth; there remains the 
closely related and extremely difficult issue of small eigenvalues of the Laplacian). 

In general, we see no reason that R should be small. However, in the arithmetic 
case, numerical experiments suggest that i7i(Af, Z)tors is large whether or not the 
Hi{M,Q) is zero. Moreover, we saw in the combinatorial case fLemma 17. Sp that 
one may prove upper bounds for (combinatorial) regulators using the auxiliary 
structure of a group action; one may suspect that Hecke operators might play a 
similar role. Accordingly, we formulate: 

9.2. Conjecture. Suppose that Mk is a sequence of congruence arithmetic hyper- 
bolic 3-manifolds, of injectivity radius approaching 00. Then 

limi^^i^.O. 

k vo\{Mk) 

To clarify the difficulty here, we point out that we do not know how to prove 
this even if, for example, we know that dim Hi{Mk,C) = 1 for every k. Rather, 
the difficulty is this: if dimffi(M, Q) = 1 it is usually rather easy to find an 
explicit element 7 G tti (M) whose image generates Hi (Q) but it may not generate 
Hi{M,Z). (It is likely that this is related to the Gromov norm on H2-) 

As remarked, we certainly do not conjecture this in the nonarithmetic case, and 
in fact are more inclined to think it false. In a related vein, we suspect that the 
answer to the following question is YES, in contrast to the arithmetic case. 

Question. Do there exist hyperbolic 3-manifolds of arbitrarily large injectivity 
radius with torsion-free Hi ? 
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9.3. Weight one modular forms, modulo p. Now suppose G — SL2(M). Curi- 
ously enough, even though rank(G) — rank(_fC) = and there is no torsion in the 
homology of (torsion-free) lattices, there is a natural candidate for a phenomenon 
that "mirrors" the exponential growth of torsion. This was observed in the joint 
work of the second author with F. Calegari, cf. [16]. We explicate it only in the 
most concrete case: 

Let TT : Xq{N) — SpecZ[g^] be the modular curve of level N - regarded as a 
Z[g^]-scheme - and let — ^^g^^^^j^-^ be the bundle of relative 1-forms correspond- 
ing to the universal generalized elliptic curve; let w be its pull-back to Xq{N) by 
means of the zero-section. Set Mi{N) = R^tt^w, which we identify (via its global 
sections) with a finite rank module over Z[l/Af]. 

Question. Does the size |Mi(Af)tors| grow exponentially with N? 

Suppose that Adi{N)[p\ is nonzero; the long exact sequence in cohomology as- 
sociated to the sequence of sheaves uj ^ oj ^ oj / pu shows that there is a level N 
weight 1 modular form modulo p that fails to lift to characteristic zero. Parallel to 
analytic torsion: the size of Mi (N) is related to the determinant of a holomorphic 
Laplacian. 

9.4. The p-part. Throughout this paper, we have been concerned with the "crude" 
question of the size of torsion homology; we may also ask, more finely, about its 
group structure. 

Notation as in Conjecture 11.31 let p be a prime. If X is a finite abelian group, 
we denote by Xp the set of a; S X so that p"x — for some n > 0. 

Question. What can one say about limit lim '"s |gj^(riV:M)p| ^ 

See Silver and Williams [571 Theorem 4.2] for cyclic covers. The question may be 
of most interest when the r^v are obtained by adding p-power level structure to Fi. 
In this case, one expects the asymptotic behavior of Hj{. . . )p to be related to the 
dimension of a suitable eigenvariety. We refer to the works of Calegari and Emerton 
[131 lT4j for further discussion of this. These suggest that the torsion predicted by 
our conjecture 11.31 involves larger and larger sporadic primes. 

In a different vein, we may ask: 

Question. What is the distribution of the isomorphism class of Hi{T, M)p, when 
one varies F through arithmetic subgroups? 

This question is very vague, of course; one needs to be specific about the variation 
of F. In particular, it is desirable to ensure that the normalizer of each F is as small 
as possible, so that the picture is not clouded by extra automorphisms. For example, 
the normalizers of the standard subgroups Fo(p) of SL2(Z[i]), where p is a prime of 
Z[i], might be a suitable family. 

For example, let us suppose we have fixed a family {Fajagyi of arithmetic sub- 
groups, and consider: 

Xk :~ fraction of a G A for which dim Hi{M) (E}¥p — k. 

If the distribution is governed by "Cohen-Lenstra heuristics" (see below), we expect 
that Xk might decay very rapidly as k grows - as p~'' . On the other hand, the 
existence of Hecke operators may cause a substantial deviation (this phenomena 
may be similar to the observed difference in eigenvalue spacings between arithmetic 
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and nonarithmetic Fuchsian groups [53] ) ; one might perhaps expect that Xk would 
decay rather asp"*^. We do not know; for a certain model of (usually nonarithmetic) 
hyperbolic 3-manifolds this question has been studied by Dunfield and Thurston 
p2] . The probability that the homology group of a random 3-manifold Hi (A/, Fp) is 
non-zero is of size roughly p. Again, because the series of 1/p over primes diverges, 
this suggests that the first homology of a random 3-manifold is typically finite, but 
is divisible by many primes, see [37] for a quantified version of this. 

Remark. Let t > 0. There is a unique probability distribution /it on isomorphism 
classes of finite abelian p-groups - the Cohen-Lenstra distribution with parameter 
t, cf. |2Qj - characterized in the following equivalent ways: 

(1) The distribution of the cokernel of a random map Z^+* {random ac- 
cording to the additive Haar measure on the space of such maps) approaches 
^t, as iV — )■ oo. 

(2) tit{A) is proportional to |A|"*|Aut(A)|"^ 

(3) Let G be any finite abelian group; the expected number of homomorphisms 
from a /it-random group into G equals IGj"*. 
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